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CABLE flY1IACS8

By Friedrich 0. Ringleb

FFREFACE

The technical development of the aircraft arresting gear required the

solution of a considerable number of problems cn cable dynamics which had

not previously been studied. Accordinglyj d&=in& the last ten years,

this developmnt was aicempanied by extensive basic investigations an

cable dynamics both in this country and abrmad. The results of these

studies, theugh initiated by the aricraft .arresting gear &aveloapnt, are

of gpneral technical and scientific interest and in their app•ication

not restricted solely to this device, The purpose of the present mcnogph "

is to furnish a syetematical tretment of cable kannics), with particular

respect to recent develolmente in, but without rtIltrcti=n to, aircraft

arresting gear application. The examples which are inclu&-d refer

generally to arreoting devicesw And the numerous oamparis-on between

theoreticcal and measured results make use of mu" of the earimental

S* work cmducted during arreating gear development tents.
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=lTOtIXION

Under cable dynamics we understand most generally the relations which

describe the motion of an elastic cable and the stress distribution in it

if an initial motion, an initial stress distribution and the forces are

prescribed vhich act on the cable from outside during its motion. The

initial motion say at the time zero, is given by an arbitrarily prescribed

positan of eadh cable point and -J a rbitrarily prescribed velocity and

direction of motien of each cable point at this time. The initial stress

distribution is given bf os arbitrarily trescribed shirless in each cable

point at this time. The outside forces actlng an the cable during its motion

abl Simtn by its yitude and direction in each cable point as functics.

of their initial posi ating arm tide or.

In prafis, the initial state of motion ae mystly be the state of

rest, and the instirl stress caleibe a constant stress frt which the motion and

a nransient stress dithritsutln diLl develop due to the actirn of outside fthes.

Th transmission af outside forces to a cable involves fixed or moving

masses attached to thi cnbte or moving &ino the cabl kelik n fhorom links,

thooka aheaves and pulleysr It is the interaction of ouch mansi s ith the

cable motion which yields the more compliantd eimioblemr of cable dynamics.
Apong tt* forces acting from outside on the cable, tho impact forces

am p of special interest. Such forces are typical for the aircraft arresting

gear. Here a stretched cable is engaged suddenly by the tailhook of the

i landin airp lane with its landing sp~eed in a direction perpeadicuLar to the

cable, The force acting on the cable rises in this case suddenly from zero

•: II

•i",to a finite value producina an infinite amccleratim at an infinitely amall1

mo of th cable. The solution of such and simlarl- impact problems ;cmprisea

a-i Isai par of more recent developwnta in cable dynai~ca.

AVYPe *N,, LA.-, PA. PAGE
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Tn the folloving investigations) the elastic cable uhich is in-

hmgenous at least in structure and mostly also in the material will be

replaced by an equivalent elastic homogenous string in a way to be specified

later, Klastic strings have been studied f u,-ie than a hundred years. The*

classical theory cf the elastic string contained in most textbooke/on

mechanics deals with the motion of such string under the simplifying

assuimption that the stTess within the string is approximately constant

andthat the displacements of its elements and the slopes of the string

remain small during its motion. These assumptions of the linearized theory

are too narrow for modern applications, especially for an application to

the aircraft arresting gear where none of these assumptions is satisfied.

blore genral in scope would be the ethod in which the cable is replaned

by a chain of small masses and raslaus springs. HEaver, for a large number

of svuch "ssa and spring., this method becomes ho•elessly complicated. and
Sappraijationa vith saull nuimero of sumab amoses and springs yield results

which "r too inaccurate to be of value.

A first genaral nen-linear theory of the vibrating string in analogy to

thA Fourier-analyaoi in the classical case has been verk)d out in 1945 by

0 . F. Carrier (i) who datarained by serias expniona the motim of a string

with given initial positln and initial velocity undar the influence of its

stress oaly. This theory is still rather laborious and nat especially well

fit for the solution of impact problams,

The simplest Impact problem, the longitudinal impact at tho end of an

infinitely long straight table or bar, has beea solved directly in IW

by B. de Saint Venant (2) who determined the atress which is produced in

the cable for the -ana of a constant impact velocity by a simple formula.

See Ref er.l, a5 1..1SI
I~~hVY-.#tP~a 5M'41A 4
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But it was not before 1948 that similar simple formulas for the perpendicular

and oblique impact with slight approximations have been derived by the

I author of the present monography. These formulas have been used since in

this country and abroad, especially for arresting gear studies and for

further theoretical developmnts. The impact formulas can be used for the

I stepwise solution of any cable dynamics problem, if the number of required

steps is not too large to be practical. This method of approach to problems

of cable dynamics which moreover reflects in the best way the physics of

the p•enowna involved is closely related to the method of characteristics

which haa been successfully used also in other fields of physics and seems

to be the simplest way of approach to the problems in question. It also

has been folloftd by other authors in this field and will be applied in this

mogomrphy too,

'I

II
t m-WL APG
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ifModulus of elasticity of cable (ibs/ft 2 )

P Mass density of cable material (lbs.sec2 /ft4)

Mass density of cable mterial at zero stress (lbssec2 /ft4)

Cross section area of cable (ft")

4 4 Cable lengths (ft)

T Tension (lb.)

Stress (lbs/ft 2 )

TO Initial tension (lbs)

Initial states (lbs/ft2)

X, y RectabgulAr coordinates in plan of cable motion (ft)

S Abscissa of a cable point in initial position along

r~ i-axis at tima- (ft)

Tize (sac)

Angle betren cable elemnt and x-axli

C it~Lngitudinal wave e•elity (ft/sec)

Longtudnal avevelcityat arostress (ft/sac)

P•article veloolty (f/cec)

Q) Kink-V*1ocity (ft/sec)

S# ~Impacto angle

:;,:" • , •,• ,,.Dim~n i~lebl 8 energy coefficients

Ass.._
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[Cu R 1i BASIC CONCEPTIONS AND RELATIONS

1, . The Elastic String

By an elastic striLg ve ma&n a circular eylinder of h=ogenous

material whose diamter is saJ2. compared with its length, which is cen-

plintely flexible, is elongated if a load is applie4 longitudinally, and

which assums its original length if the load is removed.

The load by which the string is elongated is called its tension r

masured usually in poundn.

With the elongation of the string due to a load, a lateral

contraction is normally combined. Therefore, the cross section a•ea

decams vith increasing load. The tre stress 0 of tha string is

defized by the relation

I' uIch is the load per unit cross section axei. In tcebaicm! considerations,

the stress ia usually defined by

where iq e the original cross section rema belonging to the load tero.

The true atre• s is, therfore la-.ger than the stress pl•iila. For •-:'ale

%which do not elongate very =ich tduuer hi& loads, the difference beteen

and 9* is g rmlly n .gliEibly amm3. so that there is no remxrk&ble

dilfereuca between the two definitions of the stress. This is not the cams,

howevr, for very extensuible auterials.

Tn the fallvwinag ve ill use the technical definition (2) of the

stress,' •"ut bef ore that we will discuss acc, relations which permit us to

estite the error resultiug from tha assumption of a c~mtant cross motion

PAGE
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2. HookeI's Law of Elastitz -1

We denote by the length of a straight' elastic string with the

initial stress zero (see Figure 1). Then Hooke's law states that to an

elongation E. corresponds a stress 6, which is proportional to that

elongation. If the factor of proportionality is denoted by -- we have

The constant E is called the modulus of elasticity.

Actually this statement is no general law, but a characterization

of the material. It is very Vell satisfied by moot ietals.

Now if is the l.ngth of the as=eitrinU having the stress 6.

then % 4'-()

Elonpting this string about another &mont we obtain a stre~a

which is determined by

Eliminating from the equations (3) , (5) the vauts and we obtain

vhich,ts the eXý olenion for Hooke's aw if tbe atrlng has i-nitially the

"length and the streop

If a . negligibl.y amal campuxed with -.0 -*I*Z4 C

•- •. •.~wth• h"m core• formual (6) can be simplified 11 . ..4.. .0

to F.

"(7)

S4AV *14 ~ *~PA"E 9



NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CENTIER

PHILADIL p.IA. PA.
RLrORT NO NAU-ENO-6169

E B. Lateral Contraetion

We consider an elastic string with the initial Rtress 6 6 0

and assums that -)oke's law is valid. From the expression (6) for Hooke's

law follos then:
£ 1 (8)

wthere is now the length of the string with zero stri;s, E its

elongation and 6" the resulting stress. It is generally assumed tht the

lateral contraction is proportional to the elongation and, therefore) to the

stress. If this ir actudaly the case, and if we denote by d the diametAr

of t• striU at zero at'e¢a and with the negative value its Contraction

due to the loadi v g• t

where - .L is the fact=r of proportionlityy. . is called Poisson's ratio.

6' is the true stxass. We dfnioU now with 6 tha stress related
- to the initial cross ae:ion area at zero etxss. Then

7,r~j:. Iand.
Nov 7"6"= -6u, --

and tacaus of (9) &W_ (10)

" This show' that the simple asrese is ialays smaller than the true streas iT,

For metals wid steel wire cables with hemp core the value -E is naegijsiblX

small QParWd Aith I for &al stresses smaller thin the brakins stresses. In

4N-PU44-L.. PC PAGi
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tbaeo camae., theraforit, 6 is alvayt .4 very good ayyroiumtion.

For other matrials and cables, the ea.ror m,4 by setting

can be eetbiuted from this formula.

Ingue~,the volume of the s-iurig va~ries vith tho load. in the preeni;

aLSO the inWtial volum under assumption of are atreas is

an4 tim volume at oe atrees 5 corresponds to the elongation

(12)
V0

.We enote by fV the mab dena•.ty of the string material at the stress and

especially vith o th ms 4ansity of the string at zero stress, Than

and beuuse of (12), (10) an4 (8)

If • is s•eml compared with 1, this strzsii density relation yields

"Therefort, tha density is consiatt with varying 6 if - 0.5. For

sul1 extenalins, rubber satisfies this reletion vith good apyroximation

S 0.48). For mtals, te vaIluof is miostly nea.r 0.3.

T~a cross section area is constant vith varyi.ng 6' if 01 0, aa

,thich is never Acnurately realirAd in nature. In this case, the stress density

relati(= (14) yiele

L -P
•v--, 4hPIL..-•i , PAG• 11
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SThe Cable as Elastic String

In the following a cable will always be considered an elastic string,

How~ver, P- cable has not a homogenous structure. It consists of JtraLAS of

uniform or frequently of different materials. It has to be defined., therefore,

in which vay such cable has to be replaced by an equivalent elastic string.

Since the elastic string will be in any case only an approximation wita

rexpect to the characteristic properties cf the cablv, such de:inition

will, to r. certain degree, always be an arbitrary one.

For the following investigations we have in mind cables consisting

of atzards of a homogenous material.; mostly metal vire and nht.l vIre cables

with a core of hemp or a similar supporting material. Of main interest for

the dynamics of such cable are its elastic and its inertia properties, while

its geometrical structure is less important. The elastic properties are

determined mainly by the mztsl strau~s. We relate) therefore, stresses to

the matallic cross section area and call this S • Since, however) we do not

witih to neglect the mass of the hemp or other suppoting material if such is
4

present, we define the m.ss density of the equivalent string by tha relation

where is the veight inp ounds of the cable per foot length and • 32.2

ft/Bec2 the acceleration due to gravity whilae is the metallic cross
section amea (ft 2 ). As nantioned heaore will be conidered as constant

with varying La4 so that the folloviag I-nvostigations concern the ideal

case of a oISSon'Cs atio of -t- 0.

L. PAGE 12
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5.Cable Dlata

The following, Table 1., contains som data for a steel wire cable

"with heap eore vhieh contains 6 strands vith 19 wires each. Measurements
w. Wich are iscussed in this monograph bays been done mostly with cables

of this series.
TABLE 1

hasinaal Mlximum Metallic Weight Breaking Mass Elastieity
Dimwter pitch Ares per foot strength Dgnsity Modulus
l. Inhe s Inchea PtTnax

Inhslbs/ft Ths lbs,'sec 2 /ft" Theft

U/10' 4.5 0.00119 0.1 11.6000 18.51

7/8 5.7 0.00210 1.23 73000 18.20

1 6.5 0. 0o724 1.60 95000 18.1-2

1-1/8 7.4 0.003146 2.03 119000 18.20 Average

,-1/14 O. o.CO4!o8 2.50 1o 6000 18.13 Value

•. 8.9 0.00519 3.03 175000 18.12 18.3.108

1-1/2 9.8 0.00o67 3.60 208000 18.10
1. -5/8 lu.6 o-ooM5 4..3 242ooo 1.8.10

2 13.0 o0-01o94 o 40 3W= 18.16

Th-re the breaking stress hh"

for all thae cablasa vau ue 0.01$3.

Figure 2 Ihms the lagths i a 1" cabl repeatedly 1adsd ud measured

"f or different loads. It proves that Hooke'a lav of elasticity is very veli

satisfied up to loadingc near the breaktzg Strngth.

* Cmpare References ik, 19.

4,*V--%ft 6fa,-,, ,, ,P,,,. PAGE 13
Vv•-,:- *-. ..
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Chapter II. Longitudinal Motion of a Cable

1. Mathematical Description of the Longitudinal Cable Motion

We consider a cable which is initially situated along a straight

* .line and has a constant initial stress 6"O. We choose this straight line

as x-axis of a one dimensional coordinate system with a point .a8 origin.

The motion of the cable is restricted to a motion in this Unet. The initial

time is t a 0. At this time any cable point P has a certain x-coordinate

which we denote by S (see Figure 3). This

point moves with the cable motion -. _ . -- ,

and has at a time ._,

a positico 
w'.S

Figure 3(t )
The coordinate of this point is denoted by x. Any other cable point P

with a different coordinate .r at the time t .Omoves in the same time

into another position with a different x-coordinate. In general, the

Smotion of the total cable is described by the x-values which belong to

the initial S values at any time t; with other words by a function

x '(17)

At the time t n 0 the point P coincides with P. Therefore, the function

'f (s, t) has to satisfy the condition

I{ oJ.u o (8

for &11 values of J" For instance) the function x a s + ct describes

a longitudinal translation of the cable each point s moving vith the constant

velocity c toward the right if c is positive and to the left if c is negative.

Any arbitrary function X Afs )~tibstsistecnition (18)

represents actually a longitudinal cable motion which can be produced physically

ti ........ PAO 15
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by moving each cable point so as the function prescribes it. This,

however, requires adequate outside forces acting on all points of the

cable. If such outside forces are applied only at certain distinct

points of the cable) the motion of the other cable points cannot anymore

be prescribed arbitrarily but will follow automatically due to the tension

in the eable .produced by moving certain points arbitrarily. T shows

that if a cable or cable part mves under the influence of tension forces

only the f unction x x$f(a, t) vill have to satisfy additional conditions

vbhiah-Ave to be derived in the following.

P .16

I.
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2. Equations of Motion and Stress

We consider an element of the cable moving longitudinally under

the influence of the tension within the cable only (see Figure 4). At

the time t : 0 the element is

situated between two points 7A

with the coordinates a an S4J. C M 4 t~
ad x

At the time t - const. >0 0

it is situated between the , o
points x and x +,d x a

S~0

Figure 4
The mass of the element is in

both positions the sawe and equal •, , where p is the mass density

of the cable material under the initial stress 6. T conast, and 9 the

cross section area which is supposed to be constant during the motion.

At the time t = const. a tension difference moves the element,

the tension at x being equal 7" and at x +Ax equal 7 17dZ"'3-2 .

The moving force is; therefore) equal A The elongktioa

at the time t a const, is then determined by Newton's law which yields

i&
- (19)

This equation connects the two unknown functions X and (T of the variables

"" and t.

Another condition for these two functions is obtained from Hooke's

law. The original length of the cable element I = A. Its elongation

N N 4PAGE
NAVY-NPS 6W0-PWILA,- PA.
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duetothe stress G- isef4ICAA 3=(.-/)s, Hookes law

in the form of equation (6) yields, therefore

- - / (20)

which is another equation connecting the two unknown functions x and 6

" ~of a and t.
o adIf we eliminate • from both equations (19) and (20) differentiating

at first equation (20) with respect to a and replacing afterwards by

the left side of equation (19) we obtain|L
S~where

(22)

Thic is the condition which the function x zt (S, t)

has to satisfy if it describes tha longitudinal motion of a cable under

the influence of tension forces only.

If x ,f(a: t) is a special solution of equation (21) the
1

stress belonging to this solution follows from equation (20).

If M is small compared with 1 between the density J at

the stre as G6 and the density O at zero stress the relation

had been derived (equation (15)). Using 5 instead of I in formAla

(22)we obtain

L.. ._
Y(23)
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- 3. Solution of the Wave Equation and the Longitudinal Wave Velocity

Equation (21) is known under the name of wave equation which is

suggested by the physical meaning of its solution. Its general solution

is given by

where F and are arbitrary functions of the arguments s + ct

respectively s - at which possess two derivatives with respect to these

arguents, That x is a solution of e"uation (21) can be easily verified

by differentiation. We have

X # 2 G'

!)
and therefore L

Pp C

Here the primes denote the derivatives with respect to the total argument

of the function) for instance

F F.
In order to find the physical meaning of the solution (24) we consider

the special case

with a positive valus of the constant C. For t a 0 thia solution yields

X 4F(o) (Wed~o not satisfy yet the former condition x afor t .0).

in r±eure 5 the function x .F(a) is plottrA in a rectangular (a, xc) -

coordinatS system, We consider a point P of this curve beloaging to the

1.abscissa a. In Figure 7is further plotted the curxve x a l + ct) for

a constant vaue of tb tim t. We consir the point P, of this curve

which belongs to the value *a, ,. ct of the variable s

k4AVV-4f PW4 A. 19
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FIGURE 5 i

Then

x, =F( >,s, +c/) F (,r- ct/ +d) F{',r j x

: t ~This shovi th&'t the curve x P: (s, + ct) is a translation of the curve

in negative s-direction about the amount ct. If the time t increases

the curve X a (a) moves parallel to itself in this direction vith the

velocity c. Such motion is caLLed a vwv*Lmotion and c the wave velocity.

The point P given by x • P(a) for a constant a at the time t • 0

moves during the time t into the position Q# determined by x • (s + at).

If we project P and Q on the x-axia which represents the cable we get the

points P and Q . Here is Q t•he poaition of the cable Volnt P' after

the tim t due to the cable motion. It should be noted that with the wave
motion the point P 4oes not move parallel to the &-axis into the position P

but upwarda into the position Ph.L- __j
NAVY'q4 ••4P .. PA PAGE 20
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In thesamewaythe solution x:G(act)re rex-sent aawave

motion projected on the x-axis with the opposite direction of motion but

with the sam speed c.

c is called the longitudinal wave velocity for the cable mo4 ion.

But it must be remembered that it is a velocity relateod to the variable s.

The value of c has been determined by equation (23).

The general solution (24) of the wave equation consists accordingly

in two waves running in opposite directions with the same speed c. We can

now satisfy the condition (18) that x a s for t * $. The two arbitrary

functions in equation (24 ) are then reduced to one only by the condition

Thus If -CIL) r -c- CA -Cý)

and, theref ore
S: F(, +ec/) - F:r-c/i) # .s" Ct 2-,ri)C25)

is an arbitrary function of the argument if wve dnote by ("

either a + ct or s - o. We can write also

SF(¢) : f•( .÷ "

where 1R)is aiotue.sarbitrary fuzncticai af

t Then equation (25) takes the forM

kAVY-'" e 4* - WtAeI'-i ft. PA •a
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This function x of e and t where is-any arbitrary function and

JC vE describes a longitudinal motion of an elastic cable and any such

motion for vhich x - a for t % 0 can be described in this form.

tfu tWe denote by u the velocity of a cable element and got

v here the prime denotes the derivate with respect to the total argument of

•;<ithet function. "Thus we find:

The. • velocity u, of a cable particle is determinedby

From• eqaution (20) f'ollov f'inal the result:[
The stress G n yt may point a at any time t is determined by

2(28

1.

L.-
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We apply the general result of the preceding section contained iz

the formulAs (26), (27) and (28) to the case of the longitudinal impact.

We as•ume for this purpose that a cable vith infinite length i situated

along the negative x-&xis ending in 0 and havilg the initial stress 15,

constant at the tiiw t = 0. Imwdistely aXterwzrds point 0 moveo suddenly

vith the constant velocity vo in positiv,3 x-direction (see Figure 6.

v0

FiGURm 6

In the initial position thr, S- values of the cable points satisfy the

con4ition 3 - 0. Since at this time t o 0 the cable is in rest formula (27)

yields

(29)

For t> 0 point Q (a 0) mves Vith the velocity V4. 7uus formula (27) gives

ne(Ctivo + )(•C/): 0 a odn o (29)..0

C

C(31)
o 'or any variable according to (29) and (31)

fo) ro (32)r f o , -

In the &ereral r~alation, (27) fo )7()

the variable a - ct ia alvays 0 0, t~orefore, a.'aye

-7.o Lw 0

23
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In the sam *'W follows for the stress 6

The stress E induced by '-he iVract is, therefore, constant and given by

(35

The formulas (33) and (314) show that the stress given by (35)

pro ates ulth the longitudinal wave velocity c toward the left and the

points nder stress -re moving with the velocity v 0 while beyond the point

a•*ct the cable is still, in rest (see Figure 7).

0•1 c( 0 ---- W-i

f 6 a 0 fo uls(35)Yil'A

(36)
Because of (22) c is givcrn than by c2 and equation (36) can be written

also in the form

whic~h is B. do SAint Venant'bi forzwiuJa derived In 186W ()

If is negligibly simalI compared with' 1, the longitudinalim t

fcrl= 4a (35) can be simplified to

T- 6*(38)

-.t* floxarwi 2.

,A -• 0-0, 1 4- 1_.. PA. PAGE 24
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Th~ enerl .- Sult (33~ can be derived in an elementary way i h

longitudinal wpve velocity c is knowin. It is physically rather obvious that,

V the- imnpact with a confitant vel.ocity vo (see Figure 7) must produce a

constant stresd especta~liy if the cable is considered as a chain of small

wais~s~eand massless springs, While now durirA the time t point 0 moves

abovt v t the stress 6 propagates up to the point -ct. Beyond -ct the

cable is in rest, Thus an original cable length a ct has been elongated

aout the amsount e r v, t . According to Hooke's law in the form (6) is,

therefore,).4

0f interest is Use energy balance for the case of a longitudinal

impact with a constant vs ciV v,&

The work which is done at the cable end 0 moving it during the time t

ag~ainst V-e tension T ~7

H6 ~6 tr (39)
~ j 1hia energy is d~ivid~ed in two parts) the ki~netic ei.ergy 'i,. of the moving

cable segmnt and the strain energy intissgen.Wehv

/40 9jC/. (40)

since the length of the moving cable segent is ct end, thoret ore, ?~cz,
ita mass a~nd

beca~use the strain energy is the work necess~ary to elongate the segimint. Mhe

force roquired for this work increases linearly frca e to 69.its

Co
meam va.lue is The path on which this work is done is the elongistion

rj *Itmu~st be now

which yrields

PA. PAGE 25



NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL C2NTER

PNILAI0LPHIA. PA.

•or,?Z.1,-:._RPORT NoNAU-ENG-6169

2Th f ormula 2)frc shove that

Therefore, the formula (142) is identical with (35) and proves that the

energies are correctly balanced.

From tue elementary derivation of the longitudinal impact formula (35) and

the energy balance inversely follovs the formula

for the longitudinal wave valocity c.

From (40) and (41) we obtain the relation

If ve replace here ývC by E(/,L LP)from formula (144) and ~

by from the longitudinal impact formula (35)

we find (s

vhich ahoaw that for %e" ±intia1 streas

so that the total energy is equally split in kinetic-and strain energy.

For 6, • 0 the strain energy is alvays la-ger than the kinetic energy.

%AVY4 9 IOL PA. wiAc26
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* - ,5 Longitudinal Motion and Stress of an Infinite Cable

A cable of infinite length is situated initially at the time t - 0

along the negative x-axis ending in point 0 and having the initial stress

const. Beginning with the time t i 0 point 0 is supposed to move with

a given velocity in positi•T x-direction where

a/

is a given function of the time t.

This problem is the samw as that of the preceding section except

that now Z4 is variable with the time. The determination of the unknown

function 0 (,P, i) is acne in emplete analogy to the longitudinal, impact

problem, At the tim t 3 0 the velocity of each cable point s.9 is zero.

Thus from (27)

Mj)gvsfor X90 (46)

For t )0 point 0 (a a 0) moves with the velocity v0  f (t). Thus from (27)

-i - for <",>o

and since -ct aegative

For any variable therefore, f/•J

II

.The velocity u •enerall.y is consequently

-Y ,( , ,-

according to fcrmuLa (27) and the stress given by

according to formU~a (28). If we def ine the function for negative

to be zero then &l•say

.PAGE 27
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/ c (51)

For a constant 27, =, this formula is identical vith the logItudinal

impact formwls, (35).

"If - is smsl. compared with t formula (51) yields

C /

or un&r restriction to the first power of

wher •-- is the velocity and T7 the acceleration of the cable end

The last result shows that the stress near the cable end point

is increasing toward the cable end 2oint if the acceleraticý is positive anA

decreasing if the acceleration is nigativeg

Of interest is an example Ln which the velocity of the cable and point

0 increases from zero approaching asymptoticaLly a constaat value i0

We choose accortingly1

Thb stress • which develops in this case follows from formula (51) which yield

InFigure ~ 1'.to plotted the values oft versus

for different values of the time. 0 a 06- I na its initial

position shortened by the factor . It is interesting to see that the stress

that the stress maximum is independent of the acceleration but depends only

on the final velocity.

L_ _
NAV'€• ,NO4- ILA.. P PAGE 29
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fl 6. L��ngitudinal Motion and Stress of a Finlt* Cable fl

We assae that a finite cable is situated initfally in rest

betwen the values s 0 and a z and has the initial stress

contaat (see Figure9). It is &aun that for t > 0 the 6d poiný a 0

MGMeviththevelocity jd 9 theendpointu ax

the velocity V V,{J V~vj~

0 C3) (60 )
3*$• 0 FIGURE 9

For thie determination of the f unction for this

' ioriiav use again the formula (27) 0 e 0A

aa in tbe aase of the cable with infinite length. At the time t : 0

the velocity of the cable point J wheoe 0 • J• • is ero. Therefore

For t>O0 the point a aO moves with the velocity and the point

l withthe velocity V -. (I Therefore,,

"- ~~ ~ 4 -4J<.J+ ?J<•

,,,For y variable we have accordingly

'M i, )) - ( f

(54

=7 0(e h40•. •.

A ?€
* (55)

The last three equations determine tiy function 0 for all values Of

Th first equation (53) deteraiw~es in the interval 0 f 9 . Fo

thee values of the term in the second equation (54~ is determin~ed

(equal zero). Thus

NAVY- WOO 414- W ". .PA._E

- i . .
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This equation determines Poithin the interval

Inth hid.euaio 5ý) the function sp fQ 'aor -values

Thus f#x . ' forz

This equation determines within the interval

Nov in equiation ()is determined for 7~ ~~e7

We can write this equation

where now ýZis determined for %f>O Thus

dietermines within the interval ~3

EThqfollowin table 2 contains the continuation of these recubtent

formu l; f
I.

II

NAVY4P6 4NH.P-4IIA.P 
PAG 31

ý-



NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CIENTER N

PHIiLADCLP1iA. PA.

4N•NA•C,•4S• topT No NA.EF-EIG7-6169

TABLE 2

The Eq~uation deternines O

0within the interval

____ ____-_ __._,__ _ _ -4? 1v,

¢'f~,,t. •(-'/tJ-'/--O ? < j • C/

________, _________-__-,,,- _ -•/ < f 3 -=--•

NAY.P4NMIIA */-/ dA PAGE 32,* 2-• ./+ ) -• , <

-- , ,- - -w. -0 -N

-Wit

€'!- •- r;: S1,16.e '•+tJ -/ir<-7

HAVV-NP H- PWI, .,.l .A., OA. PAGEF 32
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-At the interval end points • / has in general discontinuitieS.. If we

elimiante successivel.y the ~values on the right sides of the equations of

table 2 we find the result:

Within the intervals betwn the olints 0, 4~ , the function

is determined by the equations

€/(•? Ax 114 N &I+ - 4,(s

K (14 , 4 ,- ,

•/~l w,÷• -4 (0? f)- -4 f)? 4J,,., ('01,,0J• <,<> 43 j?,q

and o oVwre

ýVj

-- * . ,, ., - / , , - , . ,,PAGE 33
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(57)
The velocity U- of any cable point s at any time t is then determined by

UI
.~. (58)

a•nd the stress • by
i

This result shows that the problem in question requires addition

or subtraction of values of the given functions (57) only for its solution.

These functions, determining the velocities of the cable end points can be

given., therefore: also graphicallyp no analytical exprassion being necessary

for the determination of the velocity and lba- stress as functions of s and t.

The determinatim of x (equation 26) requives an integration which can be

performed graphically too.

Example 1i

We consider the case of

which represents the longitudinal iz•act at a finite cable where one en4 point

is fixed alnf.l the other end point suddenly moves with the constant velocity •,

In this case

are both constants. The equations(56) yield

0 0

/ C

•i4 f) L - - -- PA E 3-

/ C.-
•,• • . _
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Emhe function f or all values of ¢ is, therefore, of the shape

represented in Figure 10. Let us determine now, for .nstance, the velocity

U and the stress 0 in the cable point situated originally at Jf

at h time tu Then et-! and

Thus because of (58) and (5) using the graph Figure 9

).)

G^- -,. r

Figure 10 shows the stress develolmant ovir the length - as function

Sof. . At the cable end -/ the lon6itudina1 impact stress

determined by

builda up at the time t -. The strara d&ffertnce tr-% botween ,

½•' and. the initial streas VP• prop tasto

5-

•- ..

,.0 ?igu-e~ 1 7"

- -. .

(4
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along the cable!O and is there reflected completely. Up to this moment

the stress value 6= G. is constant. After the reflection we have the

stress (r = ) (= Z) 0, - C. Indeed from Figure 9 follows, for

instance, at X O a ndct:
2 

/

Thus

If we substract 6.•e

we obtain~

or

The stress difference - is reflected once mre at the end point

at the tim t for which 5 anZ d so on as emonstrated by Figure 11.

In Figure 12 the motion of the cable points is explained for this case.

Five mass points of the cable are considered at different tims for which

* 0 ,.2, O ...... . For the illustration the cable is moving

upward 'ith the speed • while the right end point is =ving with a constant

,peed to the right. The figure shows how tha elongation starta at the right

* cable and propagatea toward the left until thA left cable end is reached.

* Than a new elongation starts at the left and "nd propegstas towxd the righ-

j and • o.on.

This exmple autains the general proof that a pr_9tagting atreas is

£c~ietely reflected at a fixed cable end point.

The .,eflection at a moving cable end point follows from equation (51).

In this cise tho reflicted stress for a fixed end point is superposed by the

•.tess produced by the i.n&itu~In impact with the velocity of the moving cable 1

NAVY-N 14oSLA.tA. PAGE 38
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This impact velocity is negative if the motion tends to shorten the cable -

otherwise it is positive. Accordingly the superposing stress is negative

or positive.

We consider the case

-, zr, ,on taThen 0ostn

Figure 13 shows the function F . igure 14 demonstrates the motion of

five mass points of the cable. The point I'.! has always the initial stress

Figure 23a

-- ______----______--______________

"Exa"_: uniform lonitudin&l motion of a cable.

Under a uniform motion vill be underitood motion for which 0 o

Figure 15j PG 40

i
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The formulas for the velocity and the stress (58) and (59) yield in this case

C

The cable is situated initially betveen the points a a 0 and s _ and

"therefare, for each cable point s the value 0Z•7- c/}: 0. Each cable

point - one after the other -passes through the same velocity or stress

distribution with respect to tim. The velocities of the cable end points

a)/

If oe of these functions is prescribed the function is completely

determined and. c is the other of the two functions. If the prescribed function

for instance . (z is free of vibrations the rtsulting function

&st ttim the motion of the end point a :0 requLred for

a yibrmtlon-free motion Of tba. total cable.

it I

45
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7. Approximate Formulas for the Motion and Stress of a Finite Cable

From the result of the preceding section, we derive now some simple

approximte formulas for the velocity and the stress of a longitudinally

moving finite cable. We write formula (58) in a slightly different form

! 2!t #.&(• -/) (60)

which can be done because i in formula (58) is an artitrary function.

If we write, for instance, ( 4. C (CC /5)then this is an arbitrary

function of - which we now denote by

Any function can be composed additionally by an odd

and an even function of so that

where the function6 and satisfy the conditions
2 

2

For the derivatives of such functions hold the relations

•,#(-•) -, •N-•0: 4 2* ) (63)

UU

We asaum now that the finite cable in situated initially between the

points X&-! and -a and has the initial stress e a constant.

After a certain timn will be small compared with I and the functions

in formula (64) can be expanded in TVI'or aeries of powers of

Restricting the expansion to terms of the first power we obtain approximately

K Pw -

- •" '• , - • ` >• ̀  • ' • • . `• :•` ;- ``.• • .• ` ``•``` ' `••:• • •• , .:.., ,'>• ,, .,'-' .:, v•. • ..'( .'• ,.,, :,.: .••A . " .•< :',.v :- -,- .,,,. -'. . . . ..4,'
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This yielda because of the relations (62) and (63)
lit)

C C65

If nov the velocities of the cable end points (see Figure 16)

and X5m are prescribed for by the functions

+~

the two un•kovn functions in (65) must satisfy the condition

'"I / 'I V&v4~

RIC
t t J6

Figure 16

from which by subtraction and addition follows

If we substitute these values in formula (65) we obta•,n
, J,, i 4 ,IA) .L/1t :L

__ _ __ _ ___Re_ _ __ _ _ (68)

wkxiqh describes the velocity U of anyr cable point "P (j -xgjJ

at any time apprximately.

SFor the stress 6' follows in the sam way from the general formula

Tye

the approximation

HAVYIIP I -re$0-P ,,LA. PA. PACE 43
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T-e values of • 6z') and i&l) can be computed by integration

respectively differentiation from the formlas(66) anI (467) so that

Al (70)

The constant of integration has been chosen equal zero in this formula so

that for -r O and 0= the stress =f)ý It should be noted

that the initial conditions U = an4 60 and for Z= o cannot be

satisfied anyore in general for all values *S due to the approximation.

For=Lla (70) shows that at any tim the stress distribution

over the cable is a linear function of .The first term on the right

side of formula (70) represents the term belonging to the static stress

since the integral represents the elongation of the cable with the initial

length I at the time The seuond t.urm is a correction containing

the mean acceleration ( of the cable.

II

NAVY-4PO 4 •. *PAGE
14
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8. Variable Initi&l Conditions

In the preceding problems the cable was initially in rest ( V ,M 0)

having a ccostant initial stress * We consider now the case that

initially the cable is already moving so that each cable point has an

individual velocity U0  vhich can be different at different cable points

and that the initial stress a. is variable from point to point too.

We assume that the cable started its motion out of rest and zero stress

and denote by 7 the abscissa of a cable point in this condition. The

actual initial position of this cable point where it has the velocity &0

and the stress 6o we denote by a, . Then U, 6, Xo are functions of X

which represent the given initial conditions.

We denote by SO the density of the cable material at zero stress.

The considerations used in section 2 yield now

and

from which follows: z

where

For Ia 0 is now X x Xo60instead of X X J" before. The general solution

of the laut differential equation is again

and therefore
!" U - G G -c./)

C

For Z,, we have because of tam conditions (71)

I,1: _ _ _ _ _ _ k .. . ...
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(72)

-C F = - '(73)

We integrate equation (73) with respect to 47 and obtain together with (72)

0

X. -& wt ) (76)

where i/ is the constant of integration. The position of the cable point

r at the time io, therefore,

a formula which has been derived at first by d'Alembert.

For the velocity U we obtain

For the streas followm:

S! .• ::-~~ei - u :

and since

0 /
i 4'vbd -o 4 &t-o-- 7

1 (79)

The formulae (77), (7,) and (79) determine the motion and the at-ersa of

the cable if the Initial conditiona (71) are given. Thl fo-mul&a shoe that

these conditions axe atisfied, indeed, if we set 'A. O.

" ýa&4F *-P9SLA. PA. PAGE 46



dMS.,&,.S4IA, ius•. ,e.,,) REPORT NAFACT-•EFOEN"61
PAGE .7h,

,9. Refleetio. )f a Longitudinal Wave at a Fixed End

We aw. that tha cable is in rest between the fixed endpoint

the SreaBewn

:•points Qand R then cable stress is assumed to be equal (Sý produced by

•,ua longitudinal impact with the velocity U. at the cable in rest with

S" the initial stavass is propagating toward 0. Now

When Q has reached point 0 which is a fixed point a new impact occurs.

SiIf 0 vould not be a fixed point it would move with the velocity U2 to

ths right in the moment vbere Q coincides vith 0. Sizce, howver, 0 is a

fixod cable point it acts on the cable seegmnt qJ vith the relative velocity

U, tva-rds the left produzing a etres 6 detmined by

wh~ere Cz

Nov 
O

V ITherefore

@I

/ii h _

Id• • ........ti& , j

KL'• • .
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or

or

The incoing str'ess tUfi'prence is ocnp1etoly reflec~ted at the f'ixed

ead~point.*

1*

no~qr Y. E. Karbia., P. t47 , vbare a d~ifferent result isa obtaine4.(ref 12)
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,Fe IIM: Longitudinal Interaction Betyeer Masses and Cables

1i. Motion of a Mass b Ma Cable

We solve at f irst apprcximately the following problem. A mass

attached to the end point 0 of a cable with the length I ,the cross

section area , the elasticity modulus • , the mass density p at

zero iaitial, stress is pulled by moving the other cablo end. point PD with

the constant velocity V . The motion of the maes and the stress in the

"(-.able have to be deteraine4. The approximation in the solution will result

frm the simplifying assM tion that the stress in the cable is constant

along the cable length (but variable with the tim*).

Ve assume that the cable is situated along the x-axis between X 0

and Jt- I (see Figure 17) the mass M beiig attached to the cable at the

end point X . During the time

point P moves about Ve while the V0

mass n77 in 0 will describle a pathI --

Under the assumption of constant stress Figure 17

along the cable the stress follows from

O-;X being the elongation at the time / . The mass /77 is moved `,

the tension 7- " . Therefore, according to Newton'a law

The mass /77 is usumed to be in rest at tW• tim V so that at th..s timx

NAVY Pe OM0-PHfl.A. ,"
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f-The solution of the differential equation (81) unada these initial

conditions is

vhere • =

I ,'(83)
This constant can be written also

2 C'

where C and v the constant C being the

longitud inal wve velocity and m the tot&l mass of the cable. Sub-

stituting the Value of X f'rom (82) in f ormula& (80) we obtain
C-_ _ I ,4v, (8.5)

C

This result shows thAt the strels vibrates as sin cVt , that its

siplitude ia proportional to & and .o the root of the mass ratio W

The streae maximum is reached at the time

V and i= dotermined by

I (86)

This result is represented graphically ia FigLure 18. The velocity following

fro= (82) is plottid i-n Figures 19.

Tha exaz' solution of the eam probLem can be derived •roa the genaral

theory of Section II 6. The motion of the ,mass M 16 descrilwd by an

unkno velocity function.

while the motion of the cn- point 6 r / is given by

Applying the general thaory we lhe accordlnn to (57) (87)

.C.5

h .• •"-•" °'-"•, "•PAGF- 51 -



REPORT KAFACT-ENO-6169

PAgE 52

FIGURE 19

iI va

/ i

V0

_ _ _ _ _ _ _ _ I

LI

_._-_ 4,1 *
I. Q _ _ _ _ _ _ _ _ _ _/_ _ _ Ii

a s _ _ _ _ _ _ _ _ _ _ _

II

II



NAVAL AIRCRAFT FACTORY
NiXAL AIR MATERIAL CENTER

PH1tL;0Z)L'X14A . 1A.

AND.NAMC-44811A REPORT NO NAEF-ENG-6169

The motion of the mass is determined by Newton's lvw

where 6 "5'c)-P .c

accordimg to fomu• a (59). ThusK /

V, 9

and 7o3 ie byv the ti r=intcrv (56)or setting

veo thiave raJ ~ ~atos(6 scrt
Thus eqation ( c b

Thu;;; eq9to (890 b rttni tefr

or

vre C is e• onatant of integration. Brecause of h this equation

is Identical vith

kAV-F 4W6'. V4"" P@ PAG 53:& "
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'For ?'-p 0 we obtainW

The motion of Mn As aasmi.d to start from rest. Therefore 0

and h

or
V yo,- 0  - .4

This shows that the mase M does not move wutil cwi in accordance with

the fact-that the disturbance due to the motion of the cable end point ," -

needs the time ' in order to reach the mass 4,,

We consider next the time interval for which

If we replace by 1 •- f the variable is restricted again to

Equation (89) takes the form

From the third and fourth equations (56) follows

%nd equation (90) yield(

(91

which is a linear differential equation for the unknown function , of

the variable 1* f Its genreal solutionl Is

where is the constant of £ntegration. For )or Cta the

miassPPM begiratomve fromrest. Therefore, ; =mO for r

Equation (92) for c, yields

"""pAvY 44.-•i., PAGIE 54



NAVAL AIRCRAFT FACTORY
NAVAL AIR MATERIAL CENTER

PHILA0AMOMIS. PA. REPORT NO NAE-EIM-6169

and the solution (92) becone•n

Next vu consider the time interval for which

and replace ,~by 4-~' where niw again 4) '

Equation (891 takes the form

From the fifth and sixth equation (56) follows

We foun~d 0,~ i for 04Tharef ort

W(J1. r) -2 ( i?(94)

This linear differential equation for 6, as function of 4ti J has the

same form as equation (91) anI has the Senemrl Golution

-z ) C (95)

Tba constant of integration C follows now fram thin consideration that the

(velocity V" .for a 0 must be the as= as the velocity f llowifg

as ~ ~ ~ ~ ~ ~ ~ ~ ' beoe h eoiyo h asM In the tirm Interval.

PA 55t
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Fi therefore determined by-I

_ _, /" (96)

Proceding further in the same way we obtain stepwise the exact

solution of our problem. After t, = 1 has been determined the

mot+ion of any cable point and the stress in any point at any time follovs

from the consideration of section II 6.

The sae procedure can be applied if the motion of the cable end

point • ut/ is given by an arbitrarily prescribed function

instead of being constant equal V 0.

NVV-

I.

tL
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F-2. Prescribed Acceleration of a Mass by Means of a Cable

The problem to be solved in this section is the opposite one to that of
•5',

the preceding section, A mass ,71 attached to a cable has to be accelerated

in a prescribed manner by pulling it with a cable. The motion of the cable

end point which produce$ the prescribed motion of the other cable end point

K Iwhere the mass is attached has to be determined.

We assume again that the cable is situated initially between the points

Ja 0 and X= I that the initial stress is zero and that the mass n

is attached to the end point X a 0 (see Figure 20). We denote the

prescribed velocity of the mass in Jr 0 by 9 U u/b and the unknown

velocity of the end point X by v a V/0J . Accordt1g the basic

formulas (58) and (59) the velocity U0,4ý) of any cable point Xr at

any time and the stress - in this point are cmnnected with the

functicon by
/

(98)

Now for JPTO the velocity

is prescribed and the equatian of motion of the mass 7 is

For 0" * 0 the equations (97) and (98), therefore, take the form

setting

ve obtain by adding and eubtracting these equations

. ` . ``` .. PAGE 57 -
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"°the funatio is determined for all positivo and negative values -7

of its argumnt by the tgven function a nd) sn its derivative

However, if the mction of the cable end point is supposed to begin at the

tim ý=0 the values of Ul/X) have to be prescribed eqal- zero

during the time f or wh'1ich 0 4 C14 .4 because the stress wave needz

the time to travel from 7 to r=O . After the time Z

the values of U0) can be prescribed arbitrarily. The unknown function

V(6J is then determined by the relation

folloving from formula (97) for aI and C? -*

We consider at fixst the example where a mss has to be moved with a

constant acceleration. In this case

U forU f CI >
be~ing the prescribed constant acceleration of the mass. Accordingly

U~

In Figure 20a the values of - n hc aomn

(see formu..As (99) and (100)) are plotted as dotted lines versus

For positive values of these values a re added and for negative values

Sof subtracted giving the solid ourve According to for•lal (101)

the values are obtained and plotted in Figure 20b.

We see that starts with a finite vulue and increases linearly with

I up to the time I~ Here it jumps back to the preacribed
UC,

value - and coincides further on with this value. The result can be
C

J explai in the following way. The sudden motion of the cable end point

J w/ with the finite velocity -produces a longituinal impt

I4AVYV-N"NOPNIA. PA. PAGE 59~
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Fetreas which propagates/the mass M and is completely reflected at it.

The reflection runs back toward the end point XJ / and would be reflected

there once more if there would not be a negative impact represented by

the Jump in the V-- curve which cancels the reflection. The impact stress

which is completely reflected at the mass M and, therefore, doubled in

masnitude, begins to move the mass. As soon as it moves it tends to decrease

the stress in the cable, and therewith, the force acting on the mass.

Such decrease in stress, however, is prohibited by a properly increasing

velocity V After the discontinuous change of V at the time ý4-

the stress vhich is equal twice the impact stress remains constant because

both cable and points Lre moving now with the same acceleration.

The general case of the problem can be solved in the same way (see

Figure 21). We assume that a desired acceleration U of the mass

beginning at the tim -,e= in prescribed. We plot the curve /--

versus ýt* ct , integrate it graphicaly starting from fand plot

The sum of both curves agves for The/

difference of both curves gives for S< 0 (see Figure 21a). Again

formula (ioi) yields the values (see Figure 21b) vhich have the
Ucurve . as an asymptote.

It must be noted that the general problem can be solved in any case

grasphically without difficulty starting from the graphically given ,urve

careful control of the speed V of the cable end poirt So i will be

j easier tiobtain, for instance, in the case where the acceleration of the

"masas approaches a constant value (as shown in Tiguav 21) than in the case

where the constant value is required from the beginning of the motion.

1hin-2's§ <,-l,,i i-.Z•,.PAGE1
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[3. Influence of a Mass Between Two Cables on the Stress Propagation

We consider now two in general different cables in straight position

which are connected by an inelastic mass i7I . The two cables are distinguished

by the indices 1 and 2 so that, for instance, L! is the elasticity

modulus of the cable 1. We asim that the two cables are situated along

the X axis and that especially X is the coordinate of the mass point M77

(see Figure 22). We assume further

pX
dr ~ ~ ------ N" x I Vo

Figure 22

that the system is initially in rest and has &tension ? . We let

move now longitudinally the end point ;D of the cable 1 with a constant

velocity Vo producing in this way an impact tension which propagates

along the cable 1. The problem is to determine in which mannor this tension

propagates over the mass M and along the cable 2 and how the tension in

cable 1 changes during this process. For simplicity we assume that all

stress ratios are negligibly asm& compared with l. Then, especially)

the longitudinal wave velocities in the two cables are

The iaitial stresses in the cables 1 and 2 are

* ~~Thus 6 9~.t

NAVY04P 4[P" ILA.. A. PA...62
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rmhe stress induced at the cable en4 point due to the i

vith the velocity Vo is given by

6-(4- vo ,(O)

or

(105)

The corresponditg induced tension 77= / , . We vassim that the stress

ive rrlvat that tema t the time l 4a . The stress difference ,

is reflected completely at the mass vhich is at this mowsnt in rest,

Immed~iately after the reflection the stress on the right side of / is.,

therefore 6y

(106)

and if M1 moves with the velocity x at the tim

according to formula (51). The stress on the left side of ' produced

by the velocity X is according to the same formula

The correspolding tension#sare

The equation of motion of the mass t7 is

/7A ; 7 e'7~
or because of (109), (ao) and (103)

We denote

-Z (a)

PAL_ _6
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F;' n the velocity V - X of the mass '?7 satisfies the equation

V = AVo -7 v (13)

integrtion of this equation under the initial condition V0 s, for 0 yields

v A(/-evo (114)

vhich determines the velocity V of the rass /t1 , From (107) and (108)

folloy vith this expression for V the values for the stresses on the

right and the left side of the mass

V (116)

The corresponding tensions are

and 6, 6,oy satisfy the condition (103)

The~e formulas describe the stress development in the two cables

adjacent to tW1 mass IV as long as no •t•ess reflaction from point P

§ reaches Lhe .=aa rM.,

The fwrmUas (l15) and (i16) can b vritton wlso in the dim.nionless

form

r 
(117)

because of (102).

6

L I
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4. Special Cases and Applications

a, Two cables attached to each other by a negligible mass.

If 417 decreases toward zero the constants A &ad

becoe infinite and (114) yields

Introducing V from this equation into the relations (i15) and (u16)

for and C' ve obtain

We eav now- r=-- • o ? "• 44•. r

7- C,= . (119)

. -.

q, jAVY, no

The impact tension 7, produced by the velo.ity Vo in tha cable I

Is because of (105) given by

If we d±±vid (119) by (12-0) w~ gt 2 c t!i u f nro e

the lozgitudi-al v1ve vtlocities C, and CZ inateod of the elAsticity

nodul_.
•: !._ AGE65
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* p. ~ ~77-7',

How

axe t1 nse s of the two cables tlhroa which 8ay tension wave propagates

L r, second so that f ormala (121) can be written also Da the form

7, n-' (122)

Figure 23 repreaent ts ia -esult graphically.

The formula showa esme-'ia1.y that there is no change of the tension

i f2 a tension wave propagLtes over the connection of the two cables if

and only if
/4, ( ,,

For tw cAtles of the same materiaLL a~ E.2,

formula (121.) takee the form

- (123)

Which ahova t.au~t L=n u.ens.,A "wreases if" it propagates from one cable

to a second ctble of laer cras aection aeas.

b. )es• botween t.o. equal cables

We apply the general theory of section III 3 to ta case whore

Then _ _ l~

and

accird~ing to the ±'ormu3.ao (112) and (114~). Since now Go 6o

the relations (115) and (u.6) for 6, and y.e. d

~ 4.~4I~.A. ~.PAGE 67
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(125)

(126)

Figure 24 represents this reault graphically.

The incoming stress iB alvays completely reflected at the mass Tri

This case is not quite realistic because no mass is actually Inelastic.

In spite of this fLCt, it shall be used here for the determination of the

infltunce of a sheave on the stress propagation. We replace the mass

of the sheave for this purpose by the equivalent mass on its rim aid

consider this mass attached to the cable. For a Mark 5 arresting gear

shea.e, far instance) this equivalent mas is

M = / J4 , ,re" IL/ ,

For a i" aiameter cable is according to table 1 of section I 5

., : 2. oo-e7. z

The constawt

in this case. Figure 24 ahowe the •rsarkable fact that the sheave turns

0o fast that after 0,(X)1 seconcts onmv one-third of tho acutkulat-d stress

is left and that after 0.005 teconds the stresaoo o both sidos of tho

sheave am practically balanced.

ci
N Y -* PA. PAG. . 68
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c. Determination .of Links for StraLn Gage Measurements

If a link is used for a strain gage measurement of the tension

in a cable the result of section III 4 a should be considered. The link

should not obstruct the tension propagation. Therefore, the diameter of

the link should be chosen, so that

If •,, (• 9, are the cable data and ':z, 9 5, the data of

the link which now is considered as the second elastic cable or bar then

(127)
9k 1 4 ýV V t

is the condition whi-h has to be satisfied. For examp'Le) we choose a

cable where j/

If the link is a steel bar where•.= ,o. 7. /0• 14/J:*ev, =•-_J ,y' AL,. .rc• /f1

equation (127) yields

a0. 733 9

as crossc section a-,ea of the link being the metallic cross section

area of the cable.

d. Stress PropaF~ation throu2_hi Thýree Cables

We apply thM result of III 4a to the solution of the following

problem: TNo cables el and C with infinite length are connected by a

third cable or bar t vtth th let~th between and C. (see

Fi-ure 25). The system is initially in rest and has the ter4icn .

Along c; a tensio~n propagates tovexd C .The tensio-n vithin

the cable C has -o be datermined as iunction of the tiw

APAGE70
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7477

7(7"

H 4

Figure 25

We denote, as before

If the tension panea over the connection P betveen E" C'

7, ... •

The tension T-propagates along~C and1C If it reachas

the connection bet•een L and it changes to the tension

which again isdet herinud by formulna (122) yielfin) here

T~w tesion provag&; lngI trecis on

it changes to *Tho initial teflsiau isfw 7 the incomz2ingnsion

7 T thereforee, formula (122) appiies in the for

propagates s alon~g na tia C nd yeon. Thus

L
PAGE 71
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T,_ 7.__ 76 -' __$_ _

and so on. If To-, 7 and the ratios and are given, these

form.aas determine successively 7' 7' ... . The time for a tension

vave needed to propagate from Pto i is equal ' Thus the tension

at any point of 6 at any time can be computed.

Figure 26 shows the result of the computation for and the values

and

for the center of the cable If " is a short elastic link this

figure proves that the increase in tension is damped out in a very short

time since j is a very small quantity.C

If, for instance, the cables (, and (., ae I" diamter cables,

as used before, so that

and the link is a steel bar with

0. '0. f~4
which has the sair diameter as the cables we get

S• 00O. /~ J"C.
¢

The maximum tension is in this case given by

Thiatension is damped out to tha value in about O.OC•5 secondz. aowever,

it must be taken into cansideration that this aaxim tension actually occurs

and not only in the link but allo in the cables attached to it.

L
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CHAP= II TWO-DIME IONAL MOTION OF A 93LE

1. Mathematical Description of the Tvo-Dimensional Motion,

We assume that a cable is situated initially at the time /z 0 along

the x-axis of a rectangular .X,Y coordinate system (see Figure 27)j and that

it has at this tim a constant initial stress 6

The cable movea with increasing

time t out of this position CABLE AT

within the XJ- plane. T

A cable point with the initial

x-coordinate " and the

initial Y coordinate y C) / I0

has at the time i a position / /Xj J~ . o CONST., _.
Xs Y within this plane. 0 CONS• x

0 CAbJ! -,,,.
X and Y are fmnctions of .S and TIME

xFIGURE 27

If we keep J constant, these two functions of are the equations of

the curve which the fixed cable point % describes durin8 the motion 3f th-

cable. If we keep z ccnatant they awe the equations of the curve along

which tha cable is situated at the fixed time . The variable pararmter

J corresponds to tlhe cable points in this position. The two functions

(128) are not completely arbitrary functions. They have to satisfy the

conditions

0 0) (129)
JP," ,.o)-

I". * . V-; A .- P ... . . P A GE.. . ,. , , : • .,, • - . : . : . . .:
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F-During the motion of the cable, it is generally distorted so that the

distance 'S between to neighbor points S and d' * JX in initial

position changes to a distance A'S at the time ? resulting in a tension 7

in the cable at this point which will be generally different from the

initial tension 6 The tension 7P is in this way a function of S

and P too and so is the angle ( between the cable element Aý

and the x-aexis, This angle is defined as the angle about which the positive

x-direction has to be turned counterclockwise in order to coincide with the

direction of the cable element which corresponds to increasing S values.

Again we assume that the cross section area q of the cable does not

change with the motion. The stress 67 in the cable point corresponding

to %$ at the tim / i then efined by

6  (130)
and is a function of 5 and / too. The density however changes now

with 6 . We denote by (D the density of the cable under its initial

stres a constant an4 by jo the density at zero stress.

&s;-"L- PC PAGE9 75
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2. Equations of Two-Dimensional Motion and Stress fl

The equations X '•,-.,. wh - tiich describe the motion

of a cable are completely arbitrary functions except that they have to satisfy

the condition (129) if we admit arbitrary forces acting from outside on the

cable elements. If we suppose, however, that a cable element moves under

the influence of the tension within the cable only the functions X J",¢ •J

and y = J', 5 have to satisfy certain conditions to be derived in

the following.

For this purpose, we consider the element JS of the cable at the

fixed time corresponding to the element .S* at the time . 0

situated between the points S and JS v4J (see Figure 27) on the X-axis.

The components of the tensior " in the cable point corresponding to S

at the time are

in the X and the J. direction, In the cable point corresponding to

J'- 4�J at the sam time / these components are

The components of the force which movee the element J 4 are theref ore

SThe mass of the element A • is equal to the mass of the element 4S which Is

According to Newton's lay, therefore

L PI

M . O .A 6

4 S_ _ S

PA"'7
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"-h1ich can be written in the form -_ _'_
rk

These are two conditions for the four unknown functions ) I, •

of the variables S and t . We obtain another two conditions from the

application of Hooke's law.

The _40ntic¢ of the element AS with respect to the initial element

43 having the stress 6, is equal 4m -4 . Thus, Hooke's law

*(formula (6)) yields

_ (4H; - /)
or / v-

-4) .~ (132)

t

On the other hand we have

(4rov01 (133)77 T7
Theref ore

, _

Thus we have the reaulti

The equationo (133.1 and (132) are the conditions Aich the functions

describing the motion, the atreso and the slotpe of the cable have to 1atisfy

if the motion occurs under the tnf•lance of the cable tension only.

Elim1nating < -*nd y from these four equations we obtain

U- for 6 and & alone the mlationsre , .t ,e
Cozpar references 6, 7, 8 az11 A

P _
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If we use instead the coordinates ouff ) and f ~o-1 the

description of the cable motion the velocity compon~ents of the cabl.e point

teequ~tions (131) and (134) t~ake the for'm U

V Arsj

VLL
It shoul~d be noted that &U. theia Uffer-ntial. equtimnn we t=o-

IineaOc~ equa~tions. exac~ t jautiona cwvnot &aoraU~y btý aupreŽoe

LLAwe~ly in order to obtp."- cU1,hr exacA t1 ina

For smUvl/ o !'depeto

£n the pveceding form-ul.&o can~ ba -epIaeed byt

Tho formi~oao resul~ting In this *4v have been used by uthier a~uthors, *

Vlhare is, w~rrc-r, ao esawitial raplylitcatIon In ua~ing t~hina pprml mtien.

*OP li0xa 12 * Wer'eae 23 rar e~ohmr aprcimtian: oL ~am mrareaces 21 Wl2
aAV~-P a~-ILA.
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3 . WaVe Velocities

........ If a cable element moves parallel to !.tse2! so that is constant

duri.ng its motion both equations (035) yield for the stress the same

condition

(14o)
vhare(l)

Equation (1li0) is the classical. vavLe equatJ.3 ifor the ifunct-o S :,i'

which has been di~scussed in Sections IT 2 and 3 where instead of ~ the

variable X occurred. The re~sults of those s.ections applied to 6
&ahw that in the present caze the atress value propagates with respect

to %P with the velocity C given by formul~a (141) C is called

th lngt.U n~al wave velocity, For 6,~ 0 th~is velocity is the sawi

an in the classical theory of the vibrating string.

If ve conaidar ifurthaer a cable elamnt which has during its motion a

conlstant stress (7 then the equationa (135) can be combined by zutu3.plyinig

the first onu by UP2 tha second ona by 19and sub-

tracting both equationa. This yields

e16 C eweg 12

Her is- an sarbitri constacnt &qd

~. C± £ (1143)

Aga~in equation (~4)is tho clýaica:lva, we rat', now for th.e 1:uAntity

ON a's f\uction of J and wid Cia the velocity vith

Vhkich prosýatoo with repoc to J *We ca~l. the tranaverse

wave veloc-ity. It toincidea with the transveree vaw- veloci~ty of~

the :Lus4ical theory of the vibrating string If' wiad ame nagliibly

~~a%.A PAGE 7
4T
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Il- bo- h values are. small but not negligibly aml compared with -1

Um~forvul~a (143) yie-Is~ app ximately

From the formulas (141) and (143) tbe following general relatior is

obtained (

We consider additionally the case of a cable motion for which the stress

G( and the angle • are constants. The stress has to be then eque.1 to

the initial stress 5 and the angle &a 0 in accordance with the initial

conditions, From the basic equations (131) follows in this case that

and from the basic equations (134) that

I C~.(147)

The conditibno (14+6) yield

where the functions of 4' arm arbitrary fuactions. If we substitute

th~se values in (147) we obtain

£uo
S:o ./.q 1'IJ') f

for alvalues' of j 'a and Thus/

Therefore

f4AV-*F 4 H-= .4 P, PAGE
, t

MA-IP 4 -HL A -.PA&
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, j / 1a constants and thi motion of the

cable is described by the fimctions

i; '

"Because of the inttial condition X S • and Y 0 for
t.+hee---Q--4Q and A. must be zero. Thus

The motion of the cable is a motion parallel to its initial position

with a constant velocity whose components parallel to the X - and

the axis are respectively

04V-~ "o P,1 PAGE83
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K4. Motion of Singularities

Many applications of a cable especially those where a cable is exposed

to impacts lead to the formation of kinks in the cable during its motion.

At the point of a kink) the preceding results are not applicable because the

functions involved, for instance p (J, ) , have no derivatives in such

point. The derived equations are valid so ff_ lyas-the--required derivatives

exist and are continuous. Moreover, we will consider in the following the

motion of a cable frequently by replacing approximately its actual shape by

a piecewise straight cable. Along the straight parts our previous results

vill be valid. However) we have to find the relations which aze valid if

we pass from one straight cable segment to the next one over a singularity

as for instance represented by an angle between the two segments.

For this purpose we assume that a moving cable forms an angle with

straight legs at a point P which Is moving parallel to itself with

a constant velocity while the cable passes through the point P (see Figure

28). We assume further that we are moving with the point P so that the

angle is in rest with respect to our reference system. The angles 6'

and C and the stresses • and 3  in the two legs are constant

but the cable is moving longitudinally

through the point P say with the

velocities 41 and Uj in the two /

legs respectively. The cross section

area 7 of the cable ,.s supposed

to bc constant. If the stresseg e_

and 6 would be different the

densities and would L

be different accordingly.

L •* Coapa Reference 12. FIGURE 28

NAVV"NPS 4NO",*116A.0 PA. PAGE 82
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i The mass per second which passes through a marked point on one side 7

of P =ast be the same as the mass per second passing through a marked

point on the other side of P . Thus we have the continuity equation

too U.- 12,U (148)

for the mass flow of the cable through the singularity .

A second relation follows from Hooke's law (formula (6)). Considering

6c' as initial stress, we have

2 - U, (149)

because (tit - U, )a4'•- is the elongation which an elemerit of the length

'/, experiences if it passes over the point T,

Pinal.ly two more relations are obtained from mozentum considerations.

The ontum equation for the direction U. yields

and in the direcrion perpendicular to LI

I. Therefore, respectively

and

From equation (151) follows now that one of the three cases

()~~v 2, cO(0) c)eew

holds.

Case (a); Because of
S- 0

t !and equation (150) also

6-,- (4 P,6 O.

i i~!-.~l llll-I•iil.I,, lllPAGE; 83-
#4V-4 4iML.
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FThus

&_•', L -,t.% U,,' •,' - ,
or becausBe of (1.48)

or'
z -1 (152

So equation (249) takes the form

which yields

Thus from equation (152)

and from (148)

Dynamic equilibrium exists) then if

Casa b? fG equation (150 yed

or

becsuse of (148), Therefore equation (149) takes the form

~ ~ *PAGE. 84
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[Thus agan G'a4 IU as beforePor T if

wh~ich is the longitudinal wave velocity (see formula (141).). Correspondingly

fo~llows in this case •

which i- again the longitudinal wave velocity.

Case (c): If 7 - ,,-r formula (150), yields

If we introduce the density fb for zero stress by

A,.

according to formula (15) and the longitudinal wave velocity

this equation can be written in the form

FS (153)

(1.54)

Both equations (153) and (154) determins the velocities C4 and 144

as funet~ons of S and G by the interaection of the elipse (153)

with the straight line (154).

4AVW--4*e 4.•-""U. *. PAGE 85
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f, _blique, Transverse and Reverse impact

The endpoint 0 of a straight long caule with the initial stress 64.

is a•suemd to move suddenly with a constant velocity Vc, in a given

directioxi (see Figure 29). The cable moves t•m at any time after

the impact in two straight parts, the part PI in the direction with

the velocity V. and the part 770 in the direction from A to

while the parc beyond 7 is at this moment at rest.

This can be derivedby

elementary physical considerations.

The moving force produces longitudinal

and transverse displaceents of the

cable particles with the possibility

that the longitudinal displacements CY

propagate with a different velocity 0
along the cable from that of the C

transverse displacements. At the FIGURE 29

.. saw time a particle at obtains a displacement in the direction

while a particle at A obtains a longitudinal displacenent in the direction

toward , After these sudden displacemants no force acts on the two

particles anymore. They are moving now with constant speedD. From the

homogenity of the material and the constancy of the cross section, it foliate

that the mcmntum magnitudes at points a end must be at any ti=e
rt1 e same. Thus the stresses 6 along andton 6; must be constant

and it must be • a E" according to the results of the preceding section

if the angle Q satisfies the condition 0 ' 49 i- 1",

NAVY -N 4ND-PHRA.AM,! .- .'
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From this knowledge we can deriN3 now the formula for the stress due -I

to oblique impact.* For this purpose, Figure 30 shows the cable in its straight

initial shape and above it its shape at any time t> 0 . The endpoint

of the cable moves during the time = in the direction OP with -the

velocity Vo from 0 to P . Thus OCP V0 4 Since the

stress along 7 ? is constant, • moves with the transverse wave

velocity F with respect to J* according to the result of Section IV 3.

If £ is the point which corresponds to 6Q at the time 2u

thien Ct - *The point eQ moves tovard eQ and coincides

with Q at the time But starts its motion toward

only after the longitudinal wave has arrived at which is the time -• t.

If t is the time which Q needs to travel up to Q then the

longitudinal wave propagates in the sane time from J to in

the distance OA from 0 . Thus

In the part C the cable has a stress T which is produced by the

f oblique impact. But hvre the cable is insensitive to whether the stress has

been produced by an oblique or a longitudinal impact with'a certain velocity •

Therefore, the cable must move between 4 and 7F with a velocity e4

which is determined by the longitudinal impact formula (35) so that

£ .(156)V -m

Now U andtherefore

or

C C C ~ /(157)

This relation determines the velocity C) of the kink if the stress is known.

SL• Ccmpeue the approximate results. Reference 8
AVY..-N 6•'D-PILA.. PA. PAGE 87
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-4.•

00
t--- 0 0o

FIGUR~E 30

Teinitial cbe lengtb which is influenced by the motion at the tim t4

From-toe f-lQO Q taw following () obtained:

Ue c4) V ,,

Thus)

-FY 01, C

Acorin to Hck' la (fr () eo btain

Here ~. and 2! arv functions of G according to (156), (157) and (145).
- C

Wec write nov frz~u~.a (158) in the farm

co V, v.; e
C

UREPAGE 80
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replace by the right jide of (157) which yields

IL

Because of (156) and a45) this yields

This equation determineo the oblique ikpact atress G if the impact

velocity VO) the initial stress ("o, the eOl&ticity modulus a and,

the density at the initial•atrease T rM given C being

according to formula (141). This reault can be aimplified if we introduce

where ia the density at zero Otress. Then

Since

according to formula (15) we have

(U60)

Avi.*a t4*O.-,,tA-. PA. PAGE 89
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.7 If we multiply now equations (159) by (and use this relction

we obtain the final result:

The m ipact velocity V, the impact angle / ,and the impact

stress G" are connected by the equation

where 6 is the initial stress, E the elasticity odulus and L'o

the longitudinal wave velocity, jo being the mass density at zero stress.

It can be expected that for 0 C) equation (161) yields the

formula for the longitudinal impact.- In this cam

6- -

Thus eitbgr

V. (162)

or / £v 0

- - Ko V

The first of theae equations ia identic&I. +ith the formula for the longitudinal

impact. The second i meaningleas because it does not have a real solution

(5 for a positive value of V,

Tha formula for the transverse (perpendicular) impact is obtained for

:3 90 vhich yields _. -. _ (.2.,..+
O. e- (163)

if ( increaues toward the limit 1800 the formula for the reverse impact

• follovu from (161). We have now

U" I z (2 PA .E go

j 1. L _ _.
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fhus either -

or 6"- #Sj/ / - - - -- _
4a o (164)

The first of these equations corresponds to the longitudinal impact with

negative velocity (compression) which is meaningless for a cable while

formula (164) represents the actual formula for the reverse impact.

KI We complete these relations by listing for the kink velocity

in the general case the formula

/-- - (165)

•tie- which fellovis from (1571 by mutiplication with- n

for the e the formilas

CA (166)

which folaw from the triangle 0 76•7 in F igur 30.

In taia case of the rev'rse impaot (16~4) and (165) yield

! ~ ~Thus •o'

Thia reault ahows that the 1800 kink moves with a velocity W which in

smaller than - * This must be so because mass is picked up continuoualy

during the motio reaulting in stress which runs aLd of the kink &long

the cable, Ora in the caae of a masoleas cable the kink would move vith the

•? ~Velocity •

For otbar brpacl problems co references 21-. id 22.

L
~thVV-*4F ~PAGE 9
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16. AEproximations and Evaluations

if a rdae negligibly sm~all com~pared. -ith unity f'-Lcrula

(161) can be sim fied to

This and the folloving formulas up to (171) are sufficiently cmrrect for

conventional steel cables and steel cables vith hemp core. (166) yields

oV0  /0 (167)

The corresponding approximations for the longitudinal and transverse Vave

velocities are

(168)

The particle velocity is determined by

"" -• (169)

arid the kink velocity by
S = - -^- (!7o

ICE (170)

Mhe kink angl. 6 is given correctly as before by

Equation (167) can be evoLdated for oll data by one aimple graphi. For

this purpose all leng-ths af tie upper Figure 30 have to be measured in the

unit C,, so that O - / . hen OPz~ andOl ( se igr• Co
; 31).

Let the circle with the center and the radius cut the side

of the trinl Iin *Then R4 I the cloagation of the cable

divided by r' . Tu

L- _-'-
S . ... .. ....... :- . , • A G$'9-
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NiOV

We choose K in the distance from O as a fixed point for the following

construction: Computing for various values of the expression

we construct the circles with the radii and the centers in the

distance -- from K and denote these circles by their corresponding

value (f. We construct from 7r the vector with the length under

the angle against )L up to point 4 and from A the vector

parallel to 2 . Then the endpoint of this vector is the point P

situated on the circle (-). A sufficiently dense set of circles yields

a graph from which the oblique impact tensions can be determined for any given

data. Figure 32 showe this graph. Figure 32a shows a detail of Figure 32.

In Figure 32b, the curves (S - constant are plotted for zero initial

stress,

In the case of perpendicular impact (/d lye) formula (169' yields

2 ½ (172)cOV

Figure 33 represents this relation between and - for various values

of S in order to show the influence of the initial stress on the resulting

Iimpat stress.

if 6"60is negligibly small compared with i• then, equation (166)

yields a further approximation

In the special case of perpendicular impact (/3 In and a which is

zero or negligibly small compared with 6 this equation yields

yields.-,rthero., a ppto qutin(16PAGE
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This formula was first derived by the author of the present monography

in 1918 (reference (8)) The curve, Figure 34, represents this relation

and shows measured values* obtained from different cables, initial tensions

and impact velocities (compare also references (13) and (16)). Figure 35

shows the transverse impact tensions in pounds as functions of the impact

velocity in knots for frequently used cable data.

M ainly NAEF waourements. For the technique of impact meaaurements

4 comp&re reference 20.

A

I.
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I E. Energy Relations

As in the case of longitudinal impact, it is of interest to study the

distribution of the input energy on the moving cable parts in the general case

of oblique impact and especially in the case of perpendicular impact.

There have to be considered now three parts into which the work done

at the cable and point (9 will be split, the kinetic energy of the cable

segment 7t (see Figure 30), the kinetic energy of the segment cQ? and the

potential energy stored in both segments in form of stress. The mass 47ý, of

P at the time is the same as the mass of 42 at the time zero

Swhich is Mt = p C(The segment P( moves with the velocity VO

Thus its kinetic erxrgy in

(175)

The cable segment ý hs at the time the mm mass as at the

ti~ zeo whih is 1 r. Ct. Its velocity is the particle

velocity Ui 7 harefox-a) its kinetic energy

The vork required to elongate the cable staticaelly from the atreas 6
to the streas 6 is

vhere is the elongation. Nov T hu

'9 ,?. C

We use dim.naionless energy coefficients dividing the energies by the arbitrarily

chosen energy

II
H

( 'PAGE£ 102
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-and obtain , . "

2.

61*

H,. _(/_ g/ ( •j(, .8o )

C C (181)

Usingthe formu.as (1451 and (156) we can express and - by
C

an C We get

CC

Then takes the form

Sform vtich correspoad in the variablea to and

yrtho total energy ~ "~ 7  we obtain now

We munt find the $am v~lua by computaton of the YOrk done

a&inat the tension by moving the cable end point 9 in the direotion

vith the velocity V. Thits vork ia equal (oivu Tiur 30)

or in dimn•nloalen form
7~ 6 ='2-e

3B5
Fran

an follows171

"____.V._,-_ (186)

C. C V PAGE 1.03
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n 2

7"7

Formul" (158) and (157) yield

and -2

-to

The±r•fer because of (185),.

Formula (14+5) for i• oa that

CC

and (156) for thatC

• I. •

Therefore the expression (187) for f7 beconia

* "

which i identical .. th (.'C."3).

Vrmulasi (179', (180) and (1&2) Show correctly the dintrlibution of the

input enera' over the cable In tbhe genaral case us func~tions of theu otress 6-

if V- and &me rtp1l.ced by their expressions in G
C C.

formalaa aL'!plity to *

~&~M ~ *PAGI 1014
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(190)

If. moreover, is tero or small compared vwth " the last formula shown

the strain energy is &Lvays approximately equal to the kinetic energy of

the longitudinally moving cable Segwmnt.

In the case of perpendlculmr impact ve have bacau" of k17.) tha

folloving app ate expresion:

(C)

and therefom, aproximately

whiile approxizmtelly)

So the kinetic oenrgy of the trvznaverse wving w6eunt is about 50 percent

of the total energy wb~ile the kinetic~ eterfg of the longitudina~lly WvIng

wgmat adi tho ttrin enr'r =,a about 25 percent each of the total eor9j.

The laot result has bee found by J. T1=1ilinson Eg" .9a i,(.0)

hwever, ahrvts that for larger stresses thoa estatements can be co•uidered

as h•rude ipr~oxiattone cmly becauae Is not alvtys negligibly small

ciprd vith I if I-

.PAGE ].05
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l88 mpat at a Moving Cable

The purpose of the investigations of this and the folloving sections is

to show that the oblique impact formula is not restricted in its applications

to the veciL.l problem of determining the stress in a cable due to impact

but that it is a convenient tool for the solution of many more general

4 problems. This becomes obvious if we realize that any cable motion can be

replaced, with any desired degree of accuracy, by the motion of an equivalent

polygon-shaped cable whereon each side, in a given moment, the velocity and

the stress have constant values. The resulting configuration and stress

iistribution may be computed then for any subsequent time as the result of

a sequence of impacts. If the number of steps required for the solution

of a particular problem in this way ia not too large, it can be solved by

a &equence of readings from the graph for the oblique impact formula. This

method will be illustrated in this chapter at a aeries of problems, frequently

occurring with the practical use of cable#.

First we consider a straight cable S with the constant stress 6 ,

which mwves longitadinally with the constant velocity &4 , (zee FiVur 36).

We assum that a pcint L of the moving cable is subject to an impact with

the velocity Vo under the angle relative to tlie moving cable.

The problem of determining the stress (- resulting from this inpact can

be :omputed in two ways:

a, We can asume that k are moving with the cable longitudinally with

the velocity 4t1 (see Figure 35a). Then the impact at the cable sgment

3i simply equivalent to the oblique impact with the velocity 0 under the

angle at the cable in rest wi Th the initia.1 stress G' and the impact

stress 6 follows directly from the impact formula or the graph.

NAVV PO 4NI-00i" VA. PAGE l06
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b. We can ssu that the lnngl.udinal motion has been produced by a

longitudima ii., ,ct vith the velocity Ut at a cable in rest with a 8ueitble

initial stress 80 that

Sacoor.ng U the lon6itudinal impact f ormaa, which datAe•ines the unknon 6m-

The stress G* produced by the impat velocity Vo in the d~irection /3
• Vill then be the same ii ths streae produced by tht impact velocity Pa

in the direction at tho cable in rest with the initial stress
/

vhere and oxe shcvn in Figure 36b, Ve being, the reBultazt of

the velocities n4 -an . he identity of both results folols 4irt•y

from thm graph 7 igurv 32.

The impact strets in the cable aegnt 1W" can be datarmined in the saze

Vewy replacing by 180%- . The otrossea in the tWo aegmnts Vi~l be

"different in O3nerel becauta no stress is allowed to pass over the moving

p•oint 67• t this case.

This example ah"va how the deterainatin of the i3Wact stress at a movin

cable c•an be reduced to tha determination of the i•mput stress at a cable in

rest. In a similar *sy the problem of 4etAirmination of the impact stresa can

b" solved if the cable initially yerfcms any motion paxailel to itself -

Vith a vcnetant velocit.y.
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1f9. SeQ1ience of Impacts

The ;roblem to be solved '.n this section is the following. The endpoint 4

of a cable in rest with the initial stress GO is aszsMW &to zove during a

time 4 with a constant velocity V0 under the angle into the

position • (see Figure 37). After that time point P is &3u1 to

move with a constant velocity V, under an angle J against the original

Sposition of the cable during a time 4 into the position .7 . Due to the

ifirst of these impacts the cable will obtain a kink which will be situated

at the time at a point a as indicated in Figure 37. The second impact

will produce a kink on the cable segment wo 0 hich will be situated at

the time at a point . To be determined are the velocity

and the angle relative to the moving cable se~ftnt oh, ich produnce

the second impact guiding to I

The first impact with the velocity Vo in the direction produces

in the cable with tha inititl stress (o a 3treas 6,, which can be

determined from the oblique imzact form"ul or the graph. The corresponding

kink an1ge 0. is known from one of the frm-ulae (166) and can be r-aa4 from

the &rmph too. The second impact has, with respect to the wving segmant o •00

the uwknown velocity & and the direction 73 . Without this impact Po

* I.

TI"

~ 9.
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Wlud move during the tim into the position A .* The unknown impact

hua to fam it into the position I . Thus the vector with t7

length under the anle 3, and the vector 7o must have the

vector ~as resultant. Because the vectors and mu harete

parallelogram. Tu f adare determined.

The inLtia. stress for the second impact is G , the impact stress due

to the first impact. Thus the stress . due to the second impact can be

determined from the impact formula or the graph. The kink angle (9

follows agair *rom one of the formula (l.66) or the graph.

The stress C3a dUtermined in this way is valid only in a neighborhood

of -s lng as no reflected strese wave arri,,ea at this point. Actually

the stress indured b.• tUe second impat propagates toward :V and, upon

arrival at this point, experiencee a d.'sturbance which will propagate forward

and backir'•. &lorg the calle. The returnlng dieturbance will experience

another disturbance vhsm pastang over an4 vill finally contribute to

the stress at , . A detailed study f the stress propagation over a

kink is contained in section

*, .
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f 1O. Transverse Wave Reflection at a Fixed Point

We consider an oblique ixpact as discussed in section 5. The initial

stress of the cable in rest is assumed to be ro • The impact velocity is

0 a t bimpact agle ( (see Figure 38).

T cable segment ;Q is movi longitudinally with the particle

velocity Ui determined by 6" _d"

1*We caonider now? as a particular cable point. It is moving with the

velocity U, towrard the kink

point tQ while this point moves

with the kink velocity 40 tovard

the left, If ve assume that ve are /

moving wi1th the point this (d,
point navisa fixed point and R () 0

the kink approaches this point with

the velocity Cd'- U , 1 FIGUIM 38

It now 7? vould be free to move in the uavwnt whare I coincides with

it would move in the direction /F / R
where 7' is determined by the

velocities V0  and U, as
Vo

shmo in Figure 39. Therefore, in order

to keep A in its fix• position an

obliqua impact with the velocity

"in opposite direction to R0 R /h to b

applied in at the cable , /

tbe impact angle be ing s'U
Rin Figure 39, FIGURE 39

NAV- V P4 4 ,',P,0LA.. ,4. PAE PA0

PAE ,1
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The initial stress for this impact is 61 The stress 6z produced

by this i±pet can be obtained from the impact formila (161) or the

graph and is the stress produced by the reflectim of the kink wave

at thefixed point

11.

* I!

Itt
?I
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F1.Stress Propagation over a Kink

We consider again an oblique impact as in the preceding section

(see Figure 40) using thep

BaM denotZ&tions. We no/

Ssudemly change th velocity (&)

about an su nct A U ) (d,

producing in this aya t

i t •e iahich in (so)

determine by the longitudinal

impact fooui1a

Ats lTIMM 40

SLe stress difference -propagates toward andwhen

arriving at suddenly changes the motion of compared with

that whicb would take place wi1thout the action of this streso d~ifference.

The disturbance of 2 means an impact as wel at ths cable segment

* I'an at the segmnt Th~e configin'tion of the cable after these impacts

vw.beassh ini iguo 41 p1

is the point whi& seaates the()

Stress an"eas and 6"

*on NIat a short t1U after

(see Figure 4+0). This point moves 0

with th lonitudinal ,mve (a)

velocity tWWrdII

From the wient anA FG1~I

Vhere AP~ reach point (weeFigure 41),

HAV~N I Nr~~. PA2 112
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thizs point moves in a direction Q• which is unknown at the present.

Two kinks Z and Al are forming and moving respectively toward 2/

and due to the two respective impacts. Both impacts must produce the

same stress according to the results of section IV 4. The stress S

propagates toward /T and and has reached after unit time say the

points A and e. eyond A the stress is equal and beyond

equal assuming that the points R and have not been

reached yet, If the kink angle at L is equal (6 that at M4 is

equal

We denote with V and 3 the imact velocity and the impact angle

with respect to the moving cable seg t ~ / and with v (13

the impact velocity and the impact angle with respect to the moving cable

segment A . Both impacts must result in the saw velocity V

and the sawe direction for the motion of L into the position W

Both izm ts =at result further in the sea stress?(=d the sa angle

The first of these conditions

yields the geometrical relation V CABLE

V iexpressed•by Figure 42, So if

da~m Ae y t h 4. "to. llUE4
aOil

V a wre chosen

arbitrarily hoe vares V tc -

determ ned by this configuration. ee Ue .2

In order to satisfy the second condition, the following graphical procedure

/ A

can be applied, For a fixed arbitrarily chosen value / ( and a

set of arbitrarily chosen values V the values V (4' and the corres-

Alpoinding impact, streames and ame determimed and plotted versus

V (wse Figure 43). The intersection of both curves yields

"" for At

,VV-,,,N-PS., PA. PAGE 113
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F or other values in the sam way the points " '
are obtained. The curve 6/w 6 determines as functions

For the corresponding values of this function the kink angles • - and

are determined and and plotted versus V . The intersection

of both cur•e yields an 9d) ax the corresponding value 6 6

representing the stress value propagating over the kink.

A At practically occurring impact speeds and impact angles the kink

angle is usually small , say less than 200. A longitudinal stress wave

arriving at such kink is, therefore, comparable with an oblique impact under

an angle which is less than 20. Figure 32b shows that such impact

results in a stress which is nearly equal to the stress produced at the

izat angle - 0 This =&ans that a stress value •iroagates over a

kink with sall kink N31! (say less than 200)a=oximatey without

disturbance. This is in accordance with experimntal observations and can

be proved exactly by evaluationusing the correct method described before.

This result considerably simplifies the transient stress analysis, for instance,

in an aircraft arresting gear cable.

ii[I.

I.

04AVY Pe 4. II .A. * L &. PA_ .15
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"12. Cable Impact at a Sbeave

An infinitely long cable is guided over a sheave as shown in Figure

44 and is subject to a transverse impact

with the velocity V at its endpoint (
' i ~the initial stress being '•

,,A knk wav with the angle forms I 0

and propa~gates toward AS1  . I
impact stress 6/ runs ahead of the

kink wave and passes over the sheave AY, FIG 44J

befcor this wave reachs A The stress producea a particle

velocity (I ahead of the kink wave which will ttu the sheave in clockwise

direction with the circumerential velocity 1 . The last statemant

involves that the sheave has no mas. However, we will saum that also

in the cas of a sheave with mass the sheave turns with the velocity

for the pu.rpose of the following investigations In this case we can assume

the required rotatian of the sheave hac been produced by a rotational impact

at the sheave in the moment where the stress wave pased over it.

L. ""When the kink wave reaches the sheave, it is disturbed du to the fact

that it cannot proagat. anymorse toward the left as before. We will show

bare that this disturbance is equivalent to a certain oblique impact from

which the stress after the disturbance can be detarmined.*

1A Figure 45 thb shape of the cable after the impact of the transverse

wave at the sheave ias indicated by the points a nd Pd

If there would have been no sheave the cable segment JP would have

continud its otio. with the velocity VO into the position iP duriag

time~ Thnrvoesnceof the sheave atovrwihtecbas

dampen rafeGreacs 9i
V L

~ p~ PACK 11i6
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FIGUm, 45

beded d~mnvard results in thb deformatlon M o that segwnt. The length

of a is related to Vo Gf -nd the kia velocity cW with

vtich move a toVinr by!~V .ý ,,." co, rM (o ,• '4-.. 0,J

Tb elciaption & whvich the segment J' *perij~cea durings ti

is ,tera.ined by

because cabla is fed over the shaave with the valocity U* due to the initial

iaqact at the cable. Accmrding to Hooka's lay, therefore,

""_ '_ S) (191)

!It is assuad that the longitudin&l sltlrea wave dao. not extend up tpoint •

It va use approxizately 6d - (see formul".(157) and (165)) Wd neglect

caupared with unity we obt4ain

wherenovNA.YW" d-O---A. P - P'A-O ÷2( 127- .)-

C C.

• L'-,,ill 1O-lti,,,lll

"Ag"t4)-~u-pkU
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FIGURE 46

KINK ANGLE AT TRANSVERSE IACT
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Fil. independent of (Y * Since

Compared vith formula (158) this result shows that the stress 6 due to

i ,,t of the transverse vave at the sheave is approcximately the sam as

t&- .tr-es produced by oblique impact at a cable with the initial stress 6",

Wider the impact angle / fr# •- with the velocity Vo

This result is represented by figures 46 and 47 w•ere the first figure

shows the angle ,atd the s the values of in comparison

2ith -ran initial stress 0 . The value s of

prove to be etproximately the sam as the values obtained if a cable with

the iuitiCL stress 6# is rub•.ect to an oblique imoact under the angle

It ha to be noticed that the computed stress value holds only for a short

t,;L after the impact. Thb stress difference cn both sides of the sheave vill

Sstmt to accelerate the xhsuye, a process vhich can be computed accordiag tc
XIII

section/ On the other hand, tha otr• i.f-erence f- 6. will propagate

toward point and generally be reflect•d tt tais point. The returning

longitudinal wave will produce a disturbance of the kink at 4 a

discussed in section IV 11 and will change the motion of the Pheave =1ni the

stress in the cable in the rvI ghohood of the sheave once more.

If tie sheave Is ass'm~d to be rnsleas or if it is assumed that there

is no frivtiou betwen cheave and cable, the atress due to the impact of the

transverse wayv at the abheve streads over both aides of the cable adjacent

"to tha Leave. Thus, tze influenced cable length at the time t after the

2 L1
NAVYP 4W&-.* -LA, 04. PAGE i•
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i.p.ct is eq"a1 Zix.3tzad Gf Instead of formia 1191)

e Obta±• in. .t.is ear thg fonuA

if .7 /FC193)

Uontw the s&me ap cx1mtion as befre intead of formula (192) the

formul2Ja

16 c (1.94)

is obtained where now

!''
The values of f o~ov.iri f rcw f rmui (194) an~ platt-ed for

1I .

!.0

- -I

I..
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~- CHUM~ V: 1DVAMtC OF AN AIRCRAF A1pRETfln GEAR cABLE

- ~~. 1~., Schem of thes Mark 5 and the Mark 7 Arre sting Ge~ars yewhc r

In this chapter the general results of the 3preceding chapters are applied

to the cable problems arising with the developmnt cf~ aircraft arresting

904rs, Ve start with arresting gears of the Mark 5 or Mr yeviha

with respect 4o the use of the cable -essentially not different. Figure 48

shows the XIszk.5 reatuing gear schematically. A steel wire cable with hemp

core, the deck pendant, is stretched across the deck of the aircraft carrier

and is comnected vith two other such cables, the purchase cables, by Means Of

I - tarxinalA or links. They are reeved over the sheaves of a movable crosshead

ada set of fixed sheaves5 as shown in Figure 48 and finally anchored.

The movable croashead is conneeted with a piston which acts against a hydraulicI.....fluid in a cylinder, forcing this fluid through the vari~abla orifice of a

coatrol vialve into an accumulator, if the tailhcok of the airplane engages the

deck pendant and purll it out, Thus the piston is presced against the hydraulic

fluid by uothing else than a cowwin pulley.

4 ~In the acheme of Figure 48, the arrsnge~nt of tha cable on the starboard

a ond thle port saids are co~letely syTetrical. If we aasume. that the tailhook

of the air-pla* voA engage the deck penO~nt perpendicularly to and exa tly in

the tenter ofthe d ek an~t,, no dlifference in the ýxchanics of the system on

bath a t voul~d exrist. Th*l two anchored. cable ends could be connected to each

othear iz this cawe over =nother aheave without charoa of the mechanics of the

aysts, uy.aysem te- th cale eds re .cnectd oer shaveinstead of[en auhr4i alda nls evd tseeHwyrol ftesse
issutiUL-. h ine ute&tm-ytmadteedesree
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"length resulting in an unsygtry of the total system beside the fact that

the aixplae engages the cable more or less off center. Only the arrangement

in the engine will be symnetrical. Therefore, the anchored system and the

endless reeved system will behave differently.

Thw number 2n of cable segments which are pulling at the sheaves of the

morvable crosshead on one side of the engine is called the reeving ratio.

In the case of Figure 48, the reeving ratio in 10, If T is uniformly

the tension in each of these cable segments, the moving force acting on the

piston is equal 14n T minus the farce acting against the piston due to the

pressure in the fluid.

The pressure of the fluid in the cylinder is automatically controlled by

a valve. In the older types of Mark 5 and Mark 7 arresting engines, the orifice

"4. opening of the mvale was controlled by constant pressum air acting on a spindle

while in recent types of Mmrkb 7 arresting gear the orifice opening is controlled

by the stroke of the engine uting a cam. The general goal of any automatic

control device is to produce a force F against the piston so that a desired

deceleration of the airplane mass is obtained either as function of stroke or

f time. The basic problem is) thereforej to determine the reVuIted force F

which results in a prescribed deceleration. The control device by which the

determined fcrce F can be obtained is a fluid flow problem not to be discussed

In the present mnography. We assu~m here that any required force F as function

of stroke or time can be produced.

In the following, arresting gears of a type as de&ibed before or equivalent

to such will be called conventional. We do not restrictp however, the discussion

to conventional types but will consider as well variants and completely

different designs.

L .•~ll 1 +eIl~. M
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12. pst at the Deck Pendant

The sigplest arresting gear using a cable would consist in an infinitely

1ong stretcebd caeble only (wee Figure 149).

This idealization is of interest

because it shows the upper limit

"ofor the emity Y. of an airplane 0o -CPO _ __

i which possibly can be arrested by a

* cable. FIGURE 49

If we assume that the initial stress of the cable is • and that

the hook of the airplane a s the cable perpendicularly with the velocity

vo the impact stresw is determined by the transverso impact formula derived

in Sections IV 5 ani 6 and represented graphically by Figure 33, This figure

shows that the smillest impact stress is obtained in any case if 6 0.

Table 1 in Section I 5 contains the breaking strengths for steel wire cables

with hemp core as caonly used in arresting gears. If w divide the breaking

strengths by the correspetng wtalli1 cross sectioa areas we obtain the

breaking strvesses 67 as shown in Figure 50 for cable diameters between

11/16 and 2 in a. The breaking steess decreases somwhat with Inreasing

diameter but does not differ much from the constant value ( ax 0.335"108 lbs/ft2 .

Thus apwarimately
1S00= 1.83

f or all steei wire cables with hemp core if an average elasticity modulus of

18.3 10 lbs/ft 2 is assumed. From Figure 33 follows that this ratio

corresponds to the value

100 V6.80

for the impact velocity v° at T 0. Because c 10020 ft/sec ii the longi-

tudinal vave velocity, therefore

L . o 678 ft/aec. 402kts

.41

*,[~ ~* R~A.P
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F~his valua reprsents the Mnpr limit for the velocity of an airplane which

•posiply can be arrested using a steel cable vith hemp come of conventional

construction.

This limit is independent of the cable size. It depends only on the

breaking strength the elasticity mdulus E and the longitudinal wave

velocity c. If a safety factor of 60% is required which is a common require-

ment for aircraft arresting gears, the upper limit for the engaging velocity

becomas

V a 241 kts,

For a very short time any kind of arresting gear using a cable as arresting

devie* behaves like a cable of infinite length. If I is the length of the

half span of the deck pendant of any such arresting gear, the stress produced

by the imnpt in the center of the deck pendant requires the time C

to travel to the deck sheaes. During this tine, the arresting engine or any

device between the deck sheave and the engine is coMletely insensitive to what

happened at the point of enw gement of the cable. This time is in general

very short. If, for instance, the length of the deck pendant is 21. 100 ft
a

the time in question is -. 0.005 see for any size o# conventional cable.

However, this consideration proves that the stress due to the perpendicular

impact of the airplane hook at the cable de)ends on the airplane velocity VY

them.able W ateris2- gonsts" E and c VA its initial stress i only

and is independent of the type of arresting gear, the veight of the auslane

and the diamter of the cable.

This stress is determined by the transverse impact for=ula as derived

bef re an&d represented graphically by Figure 33 for any given data. In Figure

35 the resulting impact tensions are plotted for three frequently used types

of cable. Figure 34 shows a compariton of the theoretical impact stress with

L"'" " *#S " * "
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Figure 51 represents a typical cable tension meas='eament from a Mark 5
Sarresting gear. The cable diameter d - 1". The impact velocity vo * 101.5 kts.

Pointtrepresents the theoretical impact tension. The tensions T are

measured in the deck links on the starboard and the port sides rear the deck

sheaves. The initial tensian To 1200 lbs. The engsgement occurred in the

center of the deck pendant.

In the case of an off-center engagement. the impact stresses measured in

the starboard and the port link must be the same. There is, however, a time

difference because the stress has to travel on one sid over a longer cable

length than on the other side. This is demonstrated in Figure 52 representing

an off-center engagement at a 240 ft. deck pendant. The points mrked byQ

are a&gin those corresponding to the theoretical impact tension. The engagement

is 20 ft. off-center toward starboard. Accordinly, the stress arrives at the

starboard link at first and is registered at the port link 0.004 seconds later

as can be seen clearly in the oscillogram. This measurement has been done At an

arrangement where each cable end is reeved separately over a Mark 5 arresting

engine co that the arresting gear contains two arresting engines. Acccrdingly,

L the meaaureuent shows two cylinder presaure curves.

There is the possibility that the eagagement of the deck pendant is not a

perpendicular one. If in such caseof oblique impact the cable does not slip

over the hock thw influence of only a few degmes difference from the perpendicular

en~gament is considerable. From Figure 32 can be seen, for instance, that at ,

value of 100 10 - 2the impact stress at S 85* is Siven by 100 0.5
(at zero initial stress) while at a ,950 the impact stress is given by

100 0.27. Therefore, if an engagement would occur under an angle of onl 5

against the perpendicular direction the stresa on one side of the hook would be
nearly twice of that on the other side (See Figure 53).

LI-- ,11 46 PRILA.., #A



1 ,-.MA,,•.,,,- ,,,IY. b°.,,, REPORT MAFACT-EX.. 6169
PAGE 131.

E
- Such large stress difference will in general be balanced by slippage of the

cable over the hook. At smaller deviations from the perpendicular direction,

however, considerable stress differences in the cable on both sides of the

hook can occur. Actually the impact stresses measuted in both deck links

are seldom identical. The difference can mostly be explained by a small

deviation from the perpendicular impact direction.

II
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Black Due to Orosehead Motion -

The stress due to impact at the deck pendant propagates with the velocity c

(,.0i0000 ft/sea for a steel cable with hemp core) and reaches the first sheave

of the engi crosahead (fee Figure 48) after a time twhich depends on the

length of the cable betvween the point of impact and the first engine sheave

in q•stion. At this tine the crosshead vill start it. moticu. In the case

of a synnetrical arresting gear and center landing, both first croeshead

sheaves on starboard and port side vill be under tension at the same time t.

If T, is the impact tension, then at the time t 1 the force 4 T1 will start to

move the crosahead against the initial cylinder pressure. Up to this time

the tension in the deck pendant will be approximately constant equal T, because

the force acting on the airplane during that short time will not reduce the

speed appreciably. Point 0 in Figure 51 indicates the time waere the:stress

wave arrives at the first crosahead sheave and up to vhich the tension is

constant equal T1.

The acceleration of the crossheed is usually large enouoh that it obtains a

considerable speed before the izpact strese vave reahaes the anchor or even the

second or third crosahead sheave. This mens that twarxd the ancheo end of t;•e

cable the anyhm 1v inWtial tension of the cable will dMrop diately to

zero. Thus alack forrj in the cable. No appreciable 3trem p raagate over

a cable in alack cnditioan as hu been ahou in Section WV 5. Thus no strese

will form at the anchor and unti all slAck has been plcked up Uitch happens vith

the pL .1cle velocity of the cable, only. If all slask has been picked up, the

anchor suddeaLy stops the particle velocity of the cable producing a longituAuna.

impact tension which nropagatea in oppocite directioni,

, i
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A quantitative estimation of the slack formation due to crosshead motion

can be obtained in the folUaving wW (see Figure 54). MASS 5KTTr

We a sume that the reeving U__POSIrT, ION__

ratio is 2. 10 in the figure) .

and that at the tim t on each of

both sides of the engine

cables are under tension. We 267 -.V
CAB~LES

furthebr assun that the force

on the croashead due to the

cylinder pressure Increases t

r F]. t (195)

where F, ie a constant, from the =aent where the free cable end begins to

move longtudJinlly with a given constant velocity u. The zero point fcr

the tie is te moment where F begins to increase. ThM equation of motion

of the c sahead vith the mass X including sheaves and i is

I, 4.V(T -To)- r? t (196)

where T is the average tennijo in tha 4 JV cables on each sida which are

pilling at the croaahe&A. V is innreuig with the time dsac ctlnuouily

in unity step&. For mathematical convenience, honlver, this atepvlac Increase

is replaced by s continuous increase f 1= 0 to y n. If V n the nlemck

has bzn piced up completely. We denote the ti_ for which y a by t*.

The problea to be aoived ia to determine this time V.

According to F.Doke'3 law I t a timzo t . t*

*, •- T ,V7U~ (197)

zI

I

- .. ... . . .. .•, .• - - : : - - , - - : - - - ,, .. •
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beca= u -ir y is the elctZation. of the cable under tension T at this time

'whil* . V is the orig.na1 length of the elongated cable segment. The time t

d 2de for btilding up t•e tension T within the . 3 cables

C (D98)
bc aue th. stress propagates in a cable under tension vith the lonitudinal

wave Velocity c and is 6"Ped until slack is picked up with the velocity u

approzxitet•y. Thus

Z w (199)

and because of (197)

; 1_ . (200)

The,,fore, equation (196) takes the form

C (201)

'.Lf we negl•ect on• the right side of thia equation y as wall compared with

we obtain

IfY (20_--)

This differental equatit showas that y Ofow t .0

-Z FE(203)

Iv

- ..

;
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we can ex•ct that the slack is picked up in the ant wbere the crosshead

rea a the highest acceleration. We can further assume tha. the maximum

is arp cxiimtely situated in the point I where y is the value given by
2

equation (203). We denote thisvalue by y* and get

This is the y-value corasponding to t* which follows from (198) for V n

and is approximately

2n 4. -2-- +
a U

Substituting here the value for y* ve obtain

r_•senting the tim at vhich the sle-ek d,,x to th. croiehead motion has been

picked u,. Here 2n is the reeving ratio, u thi'. velocity of the cable_ E its

elasticity modulus. c ita longitudinal -ve velocity, g its metallic cross section

ara, • the distance beteen crosshIo sheavws and fixed engine sheaves in

battery-position and FI the slo2e versus time of the force seting on the crosshead

Sdue to the cyllinder prevsure.

This consideratian haz to be Justified, of course, by the actual solution of

the non linear differential equation (202) which can be obtained by a power series

of the formy 6  +

E •€.•e, In the cuse of the Mark 5 aresting gear, the following data are

valid: 9 a 18.3 - 108 lbs/ft 2 , c a 10,000 It/sec, q # 0.00274 ft for its

"diamster cable .u• a 23 ft. We consider t c case of a 2n 12 reevia

* rutio and at engaging velocity of Yo 173 ft/see for '?i±ch Figuxre 51. thovs

mmasured values. The izpact stress ( as given by

S~i:

*.ta. ,

S. -"- - - -- - -.. . . . . .. . . . . .-2 - .... . . . . --- L

• ,'• ', ••":, , ,. :•_ _• '. .• { k,• •:.....,, .•,...-:.,:• • & : • ••,:••.% :•• ,..• •{ W .• • ,:,•• • • • ,• ,- :•< .•k • .<ki,•.:[ . ,:,••.• ,:;• C! .
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(see the graph Figure 32b). From the cylinder pressure curve of Figure 51

we obtain the force F acting on the crosshead by multiplying the pressure p with the

piston area a 86.6 in.2 and a friction factor of 1.1. The slope is found

to be

Y1 1.463.1Jf 6 lbs/sec

Now
• E •z . 0",°°74,l83.lo2`•'2 = %.

1 = :96.3

a 0012 (963 + 11.5)
t* , 10000

or

t* 0.128 sec,

Um mment from which the time t* has to be counted is the mment at which

the ilzat stress reached the distance before the first crosahea- sheave.

Between deeklink and this pointp a cable length of 43 feet was located,

Thus, the tim in Figure 51 corresponding to t* is equal t* + 0.0043 - 0.132 see.

The point indic&ting this time is denoted by 0. The anchor tension.*€Ye ahows that

at this tim the slack has actually been picked up completely.

Figure 55 abovs measured valus in tha case of a Mark 7 arresting gear

where q .0.00519 ft2, 3 . 35., 2a m 18, vo : 08 ft/ec and F1 : 4.53.106

while the other data are the same am before. In this case, formula (204)

yields t* a 0.172 aec. Point t indicates this value. Other measurements

even under 'vey7 different conditions ahow good agreement with this theory

too) though the particle velocity u computed from the impact stress and used

as coustant value in these cxcrputationas can be considered only as a rather crude

approximation for the actually variable velocity u with which the cable is m•rvin.

SIt is remarkable that the =gas H of tha crosshead does not explicitly appar
W forWlA (204). This does not mean, however, that the result is independent

Laxbecause the constant P, depends on x4.I
-. ape4 4010 . *a

6,-l
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S- The result expressed by formula (204) shows that the slack increases

with increasing reeving ratio 2n, with increasing engaging velocity v.

(resulting in increasing u), with increasing cable diameter, with increasing

i (increasing length of the engine) and with decreasing slope F, of the

pressure force on the crosahead.

The influence of • , however, is relatively small compared with that

* of the reeving ratio 2n so that increasing the reeving ratio and decreasing the

engine length does not appear as an adequate means for slack prevention. The

main parameters. influencing slack formation, are the reeving ratio 2n, the

particle velocity u and the constant Fl. For arresting gears with constant

runout vaJlve, however, the ratio u is rather constant and the glack formation,

therefore, independent of the engaging speed vo.

Formula (200) shows that the tenbion T stays aplpoximately constant during

the process of slack pick up as long as u can be considered as approximalely

•enstant.

* The time t* of complete slack removal is of impoalance because from this

time on any stress disturbance will pass through the cable with the speed of

I' sound € unless new slack is produced which is in gemeral not the case.

Hotiver, at the time t* the particze miii reaehes the &aohoV and is stopped theref
which results in a tension increase as is to be seen in Figures 51 and 54.

The increased force at tU anchor side of the croacheed produces higher acceleration
of it, and a reduction of the tension near the first ciosehead she ve until the

tension produced at the anchor has passed through the engine cables and arrived

at the deck link. This mechanism Is clearly to be seen I- the meaaurement

represented by Figure 52 vhere due to the s upan the sldck is picked up

copletely before awV new stress disturbance at the deck pendant is produced.

In the casas of the measuremnts representcd by Figure" 51. and 55, however., the

4' L _J

." 60 *n*,ii' 04i t a.li , PA

1.L
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tra(3rwh waye reaches the deck sheave shortly after rea8ctively before

L the &acwk bas been picked up c=Pletely so that a $i"den tension increase

occurs which BuPOerYots5 the decrasling tension due to the mpt at the

'I"

I

@ -

;. I



XMAS. 4.*I$A I at,,. ,o.,,, REPORT NAFACI-EXG- 6169
PAGE 1140

ImL*4t of the Cable at the Deck Sheave

At eonventional arresting gears, the stress in the deck pendant can be

considered as approximately constant until the transverse wave produced by the

ixpact of the hook reaches the deck sheave. Subsequently., t.; moving cable

Sizpacts the sheave, resulting in a sudden increase in stresL which can be

computed from Section IV 12. Figure 47 showed the stresse producel by this

impact for the two cases of a sheave with mass and a sheave without mass, the

latter case corresponding to slipping of the cable oveir the sheave. Figure 47

had been computed for zero initial stress of the cable. For small initial

stresses 6 in comparison with the resulting impact stresses, the initial

stress 6o can be added to the results shown in FIgure 47 in order to obtain

the impact stresses at the initial stress (5 . We obtain then from Figure 47

for any engaging velocity V. and any initial stress 6. the perpendicular

Sinitial impact stress 1' and the stress 0, due to impact of the transverse

wave at the sheave.

The span of the deck pendant of a conventional arrecting gear is usually

smll (less than 120 ft.) so that any stress wave propagates through it in a
very short time, The stress tnreas4G/ - due to the cable impact at

th sheave, theref ore will propa•'te , a very short tim tcaurd the engang

hook at P in Figure 56 and tl .ro be reflected coxpeteily. The returning

3treas5 amull vUVas ovwr the kink in the cable. no angle 6

of the initial kink wme as shown in Fig e 46 Is alle nou b in the casw of

conventions.l engagir., speedsa in order to neglect the chagep of 6 -

, yuwhile passing over the secondary kink An accorUance vith the investigation ofI
SSecticu IV 11. Thus, the strmss In the deck pendant after the imct at the

abeave is given by

It

†††††††††††††††††††††††††††††††††††*.*v~.* i
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rFigure y shows these values versus the engaging speed in both cases of

a sheave with and without mass (slipping). Also plotted is the initial impact

stress 6' and for comparison the longitudinal impact stress. The theoretical

curves are in accordance with measured values obtained from the Mark 5 and

Mark 7 arresting gears, with 1 inch and 1-3/8 inch cable diameters, respectively.

Host values for the stress after the impact at the sheave are scattered around

a curve which would be situated very near to the curve corresponding to a

slipping cable so that slipping more or less of the cable over the sheave must

be concluded from this comparison of test and theory in spite of the high

tensions under which it generally occurs.

ST• question whether or not the cable slips over the sheave has been

ans•ered only quite recently. Originally, slippage has been aasumed as possible.

Later, it has been rejected becaus the groove in the sheave never showed any

signs of abrasion, On the contrary, it a•vsys shomed the impressions of the

cable vires. Recent high speed movie tests, howevet, decided the question in

favor of slippage. They even showed that under tension the sheave rim can

move faster than the cable. This result is in accordance with the observation
that a stress wave ina cable in general experiences only negligably amll

disturbances when passing over a sheave.

The t im at vwie hthe imact of the cable At the sahve occurs is

determined by the relation

f C',
Vhera / is the distance of the point of hook impact from the aheave (the half

span in the case of a center lwiding) and W4 the kink velocity which is given

by tormmil (170) -- ,

CC[i -- pla itted In F igure 8 In the case 1 5 0.

Point D igures 51 and 5 4 indicates this tim.

L

A -L- -.. . .. . . .... "~ - t. " ' ' ' ... ~
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-. c the distan2e I is in both cases nearly the sam, the difference

in both times is essentially determined by the stress difference in both cases.

In the case of the off-center landing represented by Figure 52, the times

which the transverse wuves need to reach the deck sheaves on the starboard

anMd port sides are considerably different and loner because of the large span

in this case. In Figiu 51 and 54, point 0 denotes the stress due to impact

at the cheave, including the ref1ection from the hook au computed from the

4 ~theor1y.

The kink prodicedA by the ý',up~t ov the cable -et -ýhe ahe-?.ve'~ (see

Figure 56) propagates toward the hook at P and u•a arrival at this point

is reflected (see Figure 58) in a mann r which can be computed from the con-

siderations of Section IV 10. In general, however, the increade in tension

due to this reflection is not considerable, but the sudden change of the

angle which the cable forms at the hook results in a considerable change of

the load exerted by the cable on the hook of the airplane. Then kink due to

reflection at the hook P propagates tovard the sheave , producing

AA

i. - here another impact and 50o n.

L 11

t t
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5. Averng Cable Tension and Equations of Motion of a Conventional

AstiM Gear
tt

It •e connect the sheave A w vith the hook ' by a straight line

S(•dahe line in Figure 59) this line moves as point is moving.

It coincides with the position cf the cable always when the kink has reached

the sheave oi the hook as ind-icated, for instance, by the special Aoints

and The figure shohm that the cable section between and

perform= a transverse vibration about the dashed liLe

We nov naglect this YibratLon, replacimg the actual otion of the cable

betiwen points and P by a straight cable So rot~atin~g a-round

point S in aWy manut. We further nglect waV longitudinal vibration

ef th cable vhich might take place betwen thwe hook point and the anchor.

IAother wrds, we aisume that the t~enion of the cable at &ny ti• m

is a constant alonig the total cbble hangir-g omly vith the tim. . This

tension T we 43e're an tbe average tension in the arresting cable.

Under these simpififed us ticns, ve determiae the equtionms of the

aot.o and cable tension of a cwvantional arrestng Soear as represented

acheb tically by Figue 60. The figure, ahavu tue geometry at any time Z

Tha cable length betven book poant and anchor in battery position is denoted

by L ,the half spam by the a Lrplane m~ae by /77 th& naou

of this moving croahcrd, includir4 sbhaves and r by /1 anA the number of

cablese W1 ing at the crosabhad at one engine side (the reeving ratio) by Z,7.

It is assumed that the engine ia rteved ey~trica.ll4 %%d that the landing is

an c*nter. At the tro6h"a other 2/ cabi•s axe .. Lng fr-om the utber side.

T7%y ame not shown In the figure. Me force &cting against the croashead

i imotin dum to the cyllader pressure is F .

1L
*9 S* 9 4.9
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Acting against the airplane motion is the force X due to the

tur!.ion 7. If (5 is the angle between the cable at time 4 and its

position at time zero we have

and since

X being the runout of the airplane at time we find

SZ = • • __ .(205)
x2

According to Newton's law, the equation of motion of the airplane

Replacing A by the expression (205) Ve geti., ; I -
"(2C6)

where X • V being the velocity of the airp1ane.
During the time 4 the croashead will hAve made the stroke y . Thus,

"thelongtion of the cable due to the tension

and accordcing to Hooke's law

- •( '#1'/ -.. oy)(207)

vhere 7 ia the Initial tansion, • the croms aaction of the cable

and it i elaaticity modulun.

T. croshad mve under the actton of the te•ntiO 7 in the 4'? cable

.segnts pulling at it and the action of the force P due to the cylinder

premsurI. Thua, the equation of ruotia of the croashead ia

accordlng to Iwvton's liv.

L. I

& . I
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Tr F is a given function of time 4 , the three equations (20 (207),

and (208) determine the three unknow~n funations X 1/ ~a) Y~y

*and1 7' R'/ . eplacing 7' in equation (207i) by the expression

(206) from equation (206) we obtain together with (208) two non-linear

second crder differential equations for the unknown strokes X and y

as fumctims of time. No exact general solution of this system for which the

initial conditions are

x=~ (209)

at time I. 0 is knowm. Ilovever, computer solutions will be available in

tha nour future. Approximate solutions under special conditions can be obtained

by existing methods. For instance.. in the cAse of low reeving ratios, such

solutions have been discussed in detail by Robert S. A.re, using the phase-

plane -dalta method *.

For the design of an arresting gear considerably more useful is the

solution of the problem to determine F for an ave re~e tension 7" prescribed

as a function of the runout X * This problem can be solved exactly in the

f oloxing =anx r. If r(x0 is given equation (206) can be written in th~e

f orm X)f Xx

or W7r;5

froa which tollovs

'Y ex (210)V •O
Wb,,r V X is the velocity of the airplane the initial velocity at

the tim 'a ~ being V * The tim 1 belonging t~o the rnmout
is then given by

L * ferene 1.51

! SbI ,.. . • ••,.. •• , ' ." ' "" :; , , .'•• • • • , ; '.., .:,• '"{ .,: ''•:~• ',!;'
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( 2f1J<1

The stroke y of the croashead follows from equations (207) which yields

' it* velocity of the crosshead

X 7 (213)

where

77.

* Differentiation with respect to 4 yields the acceleration of the crosshead

is given bV (210). V x follows from (206):

SThus the unknovu F foll from equation (208) in the form

(a6)

--7, p• A'= 7'ix

Ii ~This formula d3etermints the force F at function~ of th~e ru~nout X'

vhich is rjuiirmd in cwder to obtain the l acribed averae. tenaton rf1

At t~s tl. 4.2 the pressur farwce AF(0) and tha force 9',?

dua to cable tension are supposed to be in equilibrim at the croashead so

L I
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that for Since theeis atthe tiMC 4-0

no deceleration of the airplane under the simplifying assumptions upon which

this consideration is based formula (214) yields

£ (217)

as additional condition to be satisfied by the function 77(x).

For conventional arresting gears with high reeving ratio, for instance

the MArk 7 arresting gear with -27 = , the right side of formula (216)

ia not very different from +#7 7/x) so that approximtely

F(X) = X) (218)

In Figur. which represents a Xark 7 easurent, the curve 4'a

versus ti m has been plotted. The values of - are

cmputd- from

using the masured values of the cylindar pressure curve as prescribed values.

According to the preceding discussion, this curve approximately represents the

average tension values r- 7. On the other hand we can consider the

average tension 7' appraxizately as the man value of the anchor tenzion

and tension meaaured in the deck link. At the tima corresponding to point

the anchor tension is about zero. Thus, the tension in the deck link =at

be approxinately tvice the average tension value. In this way, point

haa been carputed.

-. 1.811 Oa-
- !7



4M .khUo.*4S,.,,A tu. ,o..* •REPORT NAFACT-ENG- 6169
PAGE 153

'tusio Vibrations in the Arresting Cable

The tension in the arresting cable at any time in far from being

constant along the cable as a comparison of the tension at the anchor with the
shom

tension at the dock link/ as indicated in Figure 54 for instance. This tension

difference ia caused by the fact that a disturbance propagates with the finite

* velocity C . Disturbances are produced by the initial impact when the

hook engages the cables the impacts of the cable at the deck sheave, the

impacts of the cable at the hook and especially the longitudinal impact occurring

at the anchor in the moment when the slack is picked up completely.

The initial impact produces after a short time slack (zero tension) in

the eable at the anchor OAn in the case of a conventional arresting gear which
4

is picked up completely at a time A determined before. The longitudinal

* motion of the cable is in this moment suddenly stopped by the anchor resulting

in a axd" increase in tension. From this mont on,any disturbance

propagates vith the speed C unless new slack is produced which is normllyitwluded
not the case and shall be/for the following discussion. Then the anchor

inpeat tension arrives at the dock link at the tim -

and Is refileted at the hook at the time ( # Figure54).

The reflected wave arrives at the anchor at the time '06 and so on.

The first impact at the deck sheave occurs at the tim 4 ,

Vbare cr. is the average transverse wave velocity during the travel from the

center span to the sheave. If the slack Us been picked up before this impact,

[ the re:ulting tension disturbance travels with the velocity C too. If we

neglect for this tension ropagLation tha distance between sheave and hook both

disturbance* have a phase difference of

K[
I [ L

: ,,~ ,Sl~* 4m1g. #.tI$•. Phl

iI
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- Te next disturbance occurs when the transverse wave which is reflected

at the sheave arrives at the hook. The required time is = -

denotes distance between sheave and hook at time and

the ave.%ge transverse wave velocity during the travel from the sheave to the

hook and so on. The disturbance travels with the velocity C having a

phase difference -aintt the preced.ing disturbance and so on..2

With increasing time, the distance between sheave and hook will not be

negligible anymore for the computation of the propagation of the disturbance.

- However, later the disturbances will be damped out anyhow and will 'have no

interest anymore the vibrations assuming more and more at random character.

At conventional arresting gears, another disturbance is produced by the

deck link connecting the deck pendant vith the purcchase cable. The mass of

such link is considerably larger than the mass of a cable segment of the same

length. According to the investigations of III 4(d), the longitudinal stress

propagation is disturbed by such link during a very short time only. However,

there is a considerable disturbance resulting from a transverse wave hitting

the deck link. The magnitude of the impact stress obtained in this case can

be computed from the oblique impact formula. Figure (61) shows a deck link

tension measurement from a Mark 5 arresting gear in compison with the deck

link and cable motion obtaind from high speed movie pictures. The considerable

tension peak (points 2 and 3) due to the impact of the cable at the link should

be noted.

The phase differences between the stress waves discussed before are

Import4nt for the desiga of conventional arresting gears. IT, for instance,

the initia! stress wave returning from the anchor in form of an anchor impact

wave coincides vith the stress increase due to cable Impact at the deck sheave

atthe t iae ,theresult is asuperpoeition of bigh tension peakcsin
*Com'. pa 4 re. erlnc.. 1

*Ccpare reference 17
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-tbe deck pendant which reduces the applicable engaging speed of the airplane.

In the first Mark 5 arresting gear design., this has been exactly the case.

For a fixed engaging speed such coincidence can be eliminated by changing the

cable length. However, since the time 4 depends on the stress

L in the cable and, therefore, on the engaging speed while (for constant runout

arresting gears) is approximately constant an optimum cable length

can be obtained as a compromise for a certain speed range only.

-]Finally a different type of stress vibration has to be mentioned. It

is that of the average tension F due to the mass of the crosshead. If

the mass /4 of the crosshead is large, its response to an increasing or

decreasing tension 7' will be slow. Thus the tension will increase to a

Shigher value before it starts moving and will drop to a lower value before

it stops moving compared with the case of a small /' . This shows that the

cable and the mass of the crosshead form a vibrating system. In order to

determine this vibration and especially its frequency, we assume that X= Xýý)

is known and replace 7 in equation (208) fron equation (207) which

IIyields
y #~'f(219)

where )] PZ

This is the differential equation of a forced vibration. Its solution with

the initial eonditions

1. for
is .

1AVV l 4' m . PSlL . P. VA

.iiTZfZ7Z 
-
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Raire

(222)

Replacing now % in equation (207) by this solution we obtain

S•" • . _ -. , ,,>,/i'- .>> •+,,, (223)4t

For the time immediately after the engagement we have approximately

X ,(224)

where is a constant. Thus for small I values

(225)

where

With this function P the integrals in (223) can be evaluated analytically

and yield the result

~(227)

This result shovs that the average tension 7 contains a vibration '0Ij.

where JV in determined by formula (222). In the case of the Mark 7 arresting

gear where
S• i, :•.as (3,a:,,.,.• "--•I•

' Z :-c9 ft, f'1 +,7 r•.J,'c/,rd

we obtain from this forma

which means a rather high frequency.

S° i

S"*V~.N~ 4W@. Plk~ *A

'1¾ '_ _ _ _ _ _

• • -2 .,,. • z,•i______-"_...__-"--"_---__

I .. .. : . .. '" • • •' 0:• ..
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"7". _1ticylind r Arresting Engine P 1

In order to avoid tension peaks in limited areas of the arresting cable

which vill reduce the performance of the arresting gear, we have to try to

distribute the amount of energy transmitted to the cable in form of strain

energy, for instance by an impact, immediately over the total cable. Several

ethods to do this have been proposed by the author of the present monography

and sab.ll be discussed briefly in the following sections. The first method

consists in using a large number of small cylinders instead of a large cylinder

as indicated in the schematical figure 62. The piston of each cylinder carries

one arosshead sheave. All pistons are able to move independently. All cylinders

are close together and connected by pipes so that the fluid can move freely from

one cylindir into another. The cable is reeved like a conventional arresting engine.

Any tension increase in the deck pendant propn&x to the sheave attached

to the first piston and pushes this into the first cylinder. The rising pressure
in the liquid propagates into the other cylinders pushing the pistons cut and

prodtuces tension in the cable. Though the velocity of the pressure propagation

in a liquid is only about one-half of that of the stress propagation in the

cable, the energy transmitted to the cable in form of strain energy is dis-

tributed nearly at the same time over the total cable because the distance

between the pistons in the liquid are due to the compact arrwigement of the

cylinders by far shorter than the distance along the cable. The pressure is

controlled by a valve in any conventional way. Any disturbance of the tension

j at any place in the system is distributed by this device in a very short time

over the total cable so that superpositions of tension peaks never can occur.

Ssines the total piston anr can be mde large vithout increasing the mass of the

single crosabeads and pistons too much, this arresting engine cal be operated

at considerably lcver pressures compared vith conventional engines of the same

Erf oruanc*,
-Ay 4r01 , * &, Pik

..... . .... ,'V " ' '" ,
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Becus the tension in thea cable vill not deviate considerably fo h

average cable tension as defined in section V5., the required pressure can be

ccmputed directly from the equations of taiis section without particular

consideration, of disturbaaces due to impacts. No sla0ck vi].1 ever form In

this Ssytem3.

aSt9 **. #*Oka.. 14

awo m

KIN IL
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F •. Slackless Reeving Systems and Moving Sheaves

A second method for distributing an energy amount in form of strain energy

simultaneously over the total cable in a more or less perfect way consists in the

use of slackless reeving aystems. For instance, a reeving system as shown

in Figure 63 consists of the conventional moving crosehead and a conventional set

of fixed sheaves. In between pairs of sheaves are arranged which can move along

short tracks. The cable is reeved as indicated in the figure. A stress produced

in the deck pendant propagates now in a ver'y short time along the cable segment

which runs in turn over a fixed sheave and one of the movable pairs because this

cable segent is very short in comparison with the total cable length. The

stress in this cable segnt is transmitted also in a very short time to the

cable segments between the sheaves of the moving =rosshead and the other sheaves

of the moving pairs. Similarly, any disturbance at any place in the system is

distributed in a short time over the total cable. The trackefor the moving

1 pairs have to be short because they have to move only about a distance which
is sufficient to equalite t3he tensions in the cable segmento.

Examples for other slackleos reeving ayatems are represented in Flure 64

where fixed &heavmeare shaded. Here, hovever, tracks of considerable length

for the moving pairs are required. 'rTh longest must have the length of about

one-half of the total runuut.

The slackleas reeving syetems discussed before ane ehu-rcterized by the

u!c of moving aheaveo. If the installation cf 3uch system at an existing

engine Ise Lsposaible) siagle moving sheaves comnectd vith a separate dAmper

or &hock absorber might be feasible and umaful. For nstance, a system as

sbowu in Figure 65 can be uaed to eliminate the adverse effect of the cable

impact at the deck sheave which usually produces the higbeat tenaicn peak.

is the deck sheave. Between .' and another fixed sheave

L I"
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a movable sheave ca tdwith the piston of a shock absorber is installed.

By controlling the pressure 10 inA thz shock absorber automaticc-lly the

incomiing initial impact tension or th~e tension increase due to impact off the cable at

the deck sheave can be reduced to a desired degree. Analytical and. experimental.

invectigatian of such and similar systems are in preparation.

We denote by 77 the tension in the cable due to the initial impact ýby

-~the length of the cable segmnt A. 1  where

is the initial position of the movable sheave and by X~ the angl.e

*between and the axis ofthe piston. M? in the massaof the

moving sheave including ram and piston. We approxizately determine here the

required force F" as function of the tine in order to produce

a given tension 7'in the cable due to the motion of the sheave. We can

assume tbhat ths tension due to the motion at the timeI i& distributed equally

-~along tha cable between the hook point and the point in the distance CL from

* I the hook point. Then

becauge 21) . is the cable longth tibout which the cable lengthre

has been shor-tened due to the sheave motion. From the geome~try or Figure 65

f ollovr further

(229)

00

1"& 0Cmy0 -7j - ey (230.)

(231
If1 ami is a prescribed function of equation (228) date rmino a ,

Froa equatiou (229) tollovs oC 0(69) Thus, fro& equation (230) y s'y4'

L, knowni and equ~atioa (231) determimee subseaquntlj the required force .

*'1 *D~I 41$, .g&
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F= Fh)1

frox which the required cylinder pressure /0 as function of / or as1.
function of the stroke Y can be computed. This computation is valid

{ a
only for/tim during which no reflected stress wave returned to the moving

sheave. After this time the computation can be continued similarly under nev

initial conditions.

By a corresponding appro•inate method the required force F can be

determtLed which Las to act against a movable deck sheave in order to obtain

a prescribed cable tensicz (see Figure 66). nere ve rssuze that the deck

sheave vrith the mass I? including all wovable parts starts its motion

perpendicular to the deck pendant along a track under the influence of the

tension produced by the initial iapagt the force /rF acting in

opposite direction.

Since the =as M starts itn motion from zero velkcity under the

influence of r ecnasmta h nl 1 of the deck pendant

S-after a short ti is negligibly sauL. Then Mi is moving under

the f rce 7- . Die to the motion of the aheave, about the amount y

the table is shortened about the saw amount. Thus

TC7 ?- (232)

where again is aasumd that the tension 7 is spread uniform.ly over the

length A . The equation of motion of the sheave il

S= 7-'- Ft/! (233)

If now 7 is •prescribed unction of the tim e equation (232)

deternioes y as function. of I .Thu~s F71t) can be computed from
equatim (233). liminating from the equation& (232) wa (233) va obtaln

for the required force

I _ _ _.__ _ _ _ _ _

•r (C)I~ (123il-l. )

S-,,.-,-. _ - %_.,,A: :,Z
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Thi cresult in valid only for a short time after the start of the motion

of the sheave according to the simplifying assumtions made before and at most

"until the transverse wave hits the moving sheave.

Of particular interest in the case

"7"' " T (235)

vbere 7' is exponentially decressins vith the ti 1.
In this case formula (234) yields

Z (236)

For practical applications the controlling force F" will have to be zero

at the moment es 0 where the tension 7, reaches the aheave because

otherwise it would have to -Jump exactly in this u~snt to the required value

which seems difficult to realize. This condition can be satisfied in the

present cae by chosing

The force F is then d(termined by

e (238)

This rtsult ia represented for a 1-3/8" cable and dheavi weights of

l000, 2000 and 4000 pounda in Figurea 67 and 68. The first of theso figures

ahow* the decreasing tensions in the three cases. Tho seeond relprseute

the correspos•ing control forces -

!.I

) I

-- - -

7 -- _
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F 9 The Water Sueezer

Closely related to the last problem of the preceding section is the

starting roblem of a simple ty-pe of hydraulic arresting engine presently under

developuent at All American Engineering Company, Wilmington, Delaware, called

the "water squeezer." It consists basically of a long closed tube of variable

inside cross section or any equivalent device through which a floating piston

is pulled directly by the arresting cable (see the schematic figure 69).

The cable seals the tube which is filled with water. The orifice between

v piston and wall of the tube provides the controlling force " required

for a desired cable tension.

The tensim T due to the initial impact at the deck pendant propagates

along the cable and is reflected completely at the mas &I of the piston so
that the piston starts to move due to the tension 27' . If x is

the stroke of the piston after a short time t the cable segment between the

piston and the point in the distance C4I is shortened about the amountx.

Thus the tension in this cable segment is given by

2 77 m'r ýy'239)

The equation of motion of the piston is

as long as no new tension wave arrives at the piston. If we eliminate x

from these two equaticas we obtai"

which is identical vith equation (234) of the preceding section.

Thus in particular the result represented by the Figures 67 and 68 can
be applied directly to the water squeezer with the difference only that

baa to be replaced by . 7 . A satisfactory perforncem, hovever, can be

*..... .~4 *
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expected only if the tension 7' which is lower than .Z,, arrives at

the deck pendant before the transverse impact wave re&ches the deck sheave.

Unless the deck span has a considerable length too, if the water squeezer

is long, the tension 27" vill be superposed by the impact tension at the

deck sheave. At a conventional deck span a long water squeezer will give

satisfactory results only if it is coupled with a moving deck sheave or a

moving sheave device as represented by Figure 65.

F

PS\.. I
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10. Thre-Dimnsional Cable Motion. Double Wire Engagewnts f7
""hu Investigatiens of this monography have been restricted, to tvo-

diurns1ioal cable motions up to t-clia point. Howmverj the method of analyzing

such matio by a sequence of oblique izpacts is applicable also to three-

dimnsional problems, This will be explained in the present section at two

poblems arising with the airplane arresatrnt.

The tall hook of the airplane to be arrested has in the monrent of cable

enrsMeut a downiw.rd position forming with the deck an wngle which can be as

lare aa 90 dependlng on the installation of the hook at the airplne and

the position of the landing airplane eýginst tha deck (see Vigure 70).

TFr simplicity let us azouin that the airplan moves prallel to the deck

from the mamnt of en~apeent on. If we neglect the mase of the hook, its

dirtection sV \a2nqtently v be that of thi force vhich the cable eXerts on

* it. The wtiou of the hook point in, therefore, thAt described by a

* *tractrix.

We dmnote the lengt.hof the hook ahankby / the diatance of its

* pivot point frou the deck by h and its vwriable angle vith the deck by C4

In the Unt of engwmant at the tim 4% 0 the VaLie of 0 Is denoted

by o which ii a given vllJl. The X - is ca a rect -gula coorw n

system ghs into the directi ouf tb4 wving airplawn, the y axis beiug

parpetdicular to tht dack. Is origin 2 te z enog.lng point of tho

cable. From Figure 70 follovt tU.

4 4'

1'r7

r, |-- -,
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where V ia the landing velocity of the. airplane. From these equations

w obtain the result that the motion of the hook point is given by tie

equatic•:

'A.

(2142)

where the constant t is determiued by

V.t _ (243)

This result can bt written in 8im~sionless form. We introduce tuio

coastanta X., Y. setting

X* 7L(2144)

and a tranafamed time

and obtain

QZ. X (246)

1/.e (27)

Figure 71. shove this cu(2.7

The velocity components x V of the hook point ame given by

02148)

and itwslocity V by

0V

The largest uprd velocity comp nt,

i,•• L
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The hook point motion as described before is determined from kinematical

considerations only. If we replace this motion approximately by two impact

motions, one with the perpendicular impact direction 0(o and another

oblique impact motion which results in a horizontal motion we obtain a

cable ahape as indicated in Figure 72. TLe cable tensions can be computed

approximately from results obtained in Chapter WV.

We now have between the hook point P and one of the deck sheaves

two kinks L, and in the cable. Both are moving toward . with

a speed which is determined by the stress iz the cable. When Q finaaiy

has reached the sheave • the downward aotioa of the cable segment 7Z

is stopped at / and the cable will start to lie down on the deck a process whict

propagates from t toward the hook point P with the effect that finally

the hook point is pulled down to the deck. mmediately afterwardz the hook

point will start to move upward again similarly to the upward motion after the

initial engagemnt.

The actual motion of the cable after the initial engaement is shown in

the photographa, Figures 73 tnrough Figure 81. The first of these pictures

is remarkable as a documnt for the precision with which the initial kink

wave occurs. In the following pictures it can be seen clýarly how the initial

cable triangle is bent over into the horizontal plane as described before.

The lazst four pictures show on the other side of the deck hov the kink CQ,

mves toward Whe sheave bringing the cable gradually down. In the last

picture 4Q, has Just reached the deok link. Shortly afterward, the cable

will lie dow on the deck near the sheave.
SA serious problem for a safe operation of an arresting gear is presented9 A

by the dowui•ard motion of the deck link iz its conventions4 form (see Figure 82).

If there is a downwar motion of the airplane tail after the engagement

"• - " . .- "• • " •. .. .... .... . . .... .• •'.. .. . . t ' • . .: :, • •,, ' -,. • '• , *• • , • • ,. • . • , .,-.... ...-.... . . .. ..... .... .. . ........
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FIGURE 74
CABLE CONFIGURATION AFTER IMPACT
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FIGURE 78
CABLE CONFIGURATION AFTER I.PACT
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FIGURE 80
CABLE CONFIGUR~ATION AFTER IiiAC
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Sdovmwm•rd motion of the link with the motion of the cable will be increased

and in &cy case the link will hit the deck with a finite speed. By the deck

link in this ease a transverse cable impact stress is produced in that moment

Vhich propagates into the link while at the same tim the terminal A

(wee Figure 82) is elastically repelled from the &dck and produces a transverse

impact at the terminal B . Superpositions of the produced stresses

and their reflections combined with local stress concentrations due to the

structure of the link can result in peak stresses which are sufficiently

high in order to break the terminal

Frcm the standpoint of cable dynamics this peak stress can be reduced

iinly by reducing the angle N.o between ho" and deck (see Figure 70)

in the a nt of engagement and by reducing large tension vibrations in the

cable in order to avoid high tension in the cable in the moent of dowvnvrd

motion of the link.

-as last condition will result in the use nf 01'.:Gklde reeving systems

or =alti-ayllndar enginea. Then, hovever, deck links can be elimInated com-

"pletely by shifting the cable about a am amount Like the ribbon of a type-

writer after each er4pgeaent. Thia can be done automtic&liy with each

retrmction. Probabillty Luvestigaticns have shovm that a dock epan length

*c' 100) feet can be engaged more than 10 times ka frequently as in the caoe

of a deck pendant with links beside the fact that the total cable is usabe

for enggeatnt.

Another problem relatet to the considerationa of thia section Is that of

louble %ri.re engage-ents. According to these considerations the hook

comove on to the deck aftar a certain ti= after the engagement uhich can be

cmputed free the time a transverse wave needa to travel free the point of

.:1 I
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engagemat in the center of the deck pendant up to the sheave and the tine -

for such wave travel between sheave and hook. Both times are dependent on

the stress in the cable and, therefore, on the engaging velocity. In Figure

83, these two tims ar denoted by and If the airplane passes

over a deck pendant, the main wheels depress the cable. These transvers&

depressions travel to the deck sheave with a speed corresponding to the

initial tension in the cable and return from the sheave with t3he sam speed

in form of an elevation. "f this elevation arrives at the center of the

deck pendant at the saas tima when the hook with the preceding deck pendent

cams dotn to the deck, the possibility of a double wire engagement is

created. Of course, the possibility of such coincidence depends on the

spacings of the deck ptdants and their lengths, beside the wave vwa.ocities.

Figure 83 it computed for the cus• of a Mark 7 arresting gear with a 1-3/8"

cable. ahne wave velocities have been coaputed from mnasured average cable

tenwions during the -vines in question. there are two sets of curves characterizo

"by span lengths and by sp~cing distance. The intersection of two curves

(one of each saet) conraponds to a possible double wire en6sgement and determin•i

the engaging velocity at which it can occur. The solid circular point, for

instance, shown that at a deck span length of 93 feet and a spacing of 20 feet

a double Aire engagement is possible at an engaging velocity of about 73 knots

and that tue time Z., between firat and second engagement is about 16

- •scon1ds. The r.otte p)oints shov tha existing conditions for several aircraft

carrier classes which am favorable for double wire enga~gents. It can be

ahown, however, that doubla wire ei utents are possibl. only for rather accural

center landings.

iL
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F Fna ifarks -
This mnography on cable dynamics is an extended version of a series of

lectures the author presented in Philadelphia, Pa. and Los Angelos, Calif.,

in 1955 to selected groups of engineers and scientists of industry and Government

in order to furnish informatiou on problems and methods which the development

of the aircraft arresting gear instigated. Though these investigations are of

genral technical and scientific interest, the purpose for which they have

been done involves that this book is rather a presentation of selected subjects

of cable dynamics than a textbook of the field. For those who wish to obtain

a more complete knovledge of the total field of cable dynamics, some books

which will close the existing gaps have been included in the list of references.

A considerable number of problems in this moncgraphy could be solved

only by ratber crude approximations. The possible solutions of others have

been sketched only. 1any analytical and experimental investigations are still

undervay. Therefore, in order to avoid a further delay of this publication,

- it is intended to add currentlY the resultM of such Investigations to this

mmography in the form of append1ces as som as they are available.
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